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ABSTRACT

The dynamics model of smoking is a system of nonlinear differential equations of first order. The dynamics model of
smoking consists of five subpopulations, namely potential smokers, light smokers, heavy smokers, smokers who
temporarily quit smoking, and smokers who permanently quit smoking. The mathematical model can illustrate the rate
of spread of smokers. This study discusses the dynamics model of smoking by giving controls, namely anti-smoking
campaign, nicotine gum, and treatment. An anti-smoking campaign is given to potential smokers, nicotine gum is
given to light smokers and smokers who temporarily quit smoking and also treatment is given to heavy smokers. The
solution of the optimal control on the dynamics model of smoking is derived using Pontryagin maximum principle.
This principle is applied to obtain optimal conditions and also get the state and co-state equations, which are then
simulated using Runge-Kutta order 4. The numerical simulation result indicates that implementation of campaign and
treatment program effectively to minimize the number of potential smoker population, light smokers, heavy smokers,
and smokers who temporarily quit smoking, and to maximize the number of smokers population who permanently

quit smoking.
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1. INTRODUCTION

Nowadays, the popularity of smoking is increasingly
difficult to control. Smoking is the activity of burning
tobacco, then inhaling the smoke and taking it out again
through the mouth. The World Health Organizations
states that tobacco causes approximately 5,4 million
deaths annually worldwide [7]. Smoking-related
diseases include narrowing of blood vessels, high blood
pressure, heart, lungs, and chronic bronchitis [4].
According to Davidson & Neale [5] ] states that
cigarette consumption in pregnant women has risks such
as premature birth, weight low infant body, prenatal
mortality, birth defects, and infant development
disorders. Not smoking is one way to avoid these
various diseases.

This has been explained by the Human Population
Laboratory in the list of healthy lifestyles [6], so the
prevention is needed to narrow the widespread smoking
habit. These efforts can prevent an increase in the
number of smokers, namely anti-smoking campaign,
nicotine gum, and treatment. First, the anti-smoking
campaign among young people aims to find out the
dangers of smoking from an early age. Second, nicotine

gum is one of the products for therapy that functions as
a nicotine replacement, so that smokers can stop
smoking gradually [2]. Third, the treatment method is a
method of using drugs that can cure a person from
dependence on cigarettes [3].

Mathematical model construction is also an effort to
reduce the number of smokers. Some research about the
dynamics model of smoking as follows. Alkhudari et al.
[1] presented the dynamics model of smoking with the
class of smokers which is divided into light smokers and
heavy smokers. This research is also discussed stability
analysis. Zeb et al. [9] discusses the problem of optimal
control in the dynamics model of smoking with three
controls namely anti-smoking campaign, nicotine gum,
and treatment. The controls aim to maximize the
number of smokers who permanently quit smoking.
Then, Zaman [8] discusses the problem of optimal
control on the dynamics model of smoking with the
control of anti-smoking campaign and treatment.

In this paper, we adopt the dynamics model of
smoking that developed and studied in [1]. This model
consists of five subpopulations, namely potential
smokers, light smokers, heavy smokers, smokers who
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temporarily quit smoking, and smokers who
permanently quit smoking. We develop an optimal
control strategies associated with three types of control,
an anti-smoking campaign, a nicotine gum and a
treatment. The anti-smoking campaign is given to
potential smokers. A nicotine gum is given to light
smokers and smokers who permanently quit smoking. In
addition, treatment is given to heavy smokers. Our goal
in this work is to maximize the number of smokers who
permanently quit smoking and minimize the number of
potential smokers, light smokers, heavy smokers, and
smokers who temporarily quit smoking with minimal
costs. We will use the Pontryagin maximum principle to
determine the optimal control strategy. Numerical
simulations are also given using the Runge-Kutta
method of order 4.

2. METHODS

In this paper, the dynamics model of smoking is a
mathematical model that describe the rate of spread of
smoking behavior. The following is a compartment
diagram for the dynamics model of smoking in:
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Figure 1 Compartment Diagram of Smoking
Interaction

The system of differential equations presented as :

dP
I(r_) =gt — By P(OL(L) — uP(t)
al
dL(t
d(tt) = By P(L(t) — B, L(t)S(t) — uL(t)
ds(t) ‘ ‘
dt = B L(t)S(t) + aQ,(t) — (u + y)S(t)
doQ,(t) 1)
dt y(1—aS(t)) — (u + a)Q.(t)
d@,(t) o
qu( = oyS(t)  1Qy (D).

with variables and parameters of the system (1) in the
following table.
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Table 1. Variables and Parameters Description

Description

P(t) Potential smoker population at time t

L(t) Light smoker population at time t.

S(t) Heavy smoker population at time t.

Q:(t) Smoker population who temporarily quit
smoking at time t

Qp(t) Smoker population who permanently quit
smoking at time t

a The contact rate between smoker and
temporary quitters who revert back to
smoking.

B The contact rate between potential smokers
and light smokers.

i The contact rate between light smokers and
heavy smokers.

y The rate of quitting smoking.

U The rate of natural death of human
population.

g The remaining fraction of smokers who
permanently quit smoking (at a rate y).

To control the spread of smoking in the community, we
apply the optimal control strategy to system (1). We will
consider three control variables in the form anti-
smoking campaign, nicotine gum, and treatment to
reduce the attitude towads smoking. An anti-smoking

campaign is given to P A nicotine gum is given to L

and Qr- Then, for a treatment is given to S. Futhermore,
a new system will be obtained after the system (1) is
given controls. As for in more detail, the steps of this
research are:
1. Formulating the dynamics model of smoking that
has been given three controls.
2. Defining the objective function based on Pontryagin
maximum principle.
3. Determining the optimal input control in Step 1, with
the following steps:
a. Forming a differential
Hamiltonian function.
b. Minimizing the Hamiltonian function so that the
optimal control functions are obtained.
c. Determining the form of the optimal Hamiltonian
function.
d. Resolving state and co-state equations.
e. Substituting the solution in Step 4 into the
optimal control function in Step 2.
4. Substituting the optimal input control into the system
so that the optimal form of feedback is obtained.
5. Simulating the results of the dynamics model of
smoking numerically with the Runge-Kutta 4%
method by using Matlab software.

equation into a
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6. Interpreting the simulation results of the dynamics
model of smoking that have been obtained.

3. RESULTS AND DISCUSSION

In this paper, the control function Y1 represents anti-
smoking campaign. This control is given to potential
smokers in the community. In the beginning, potential
smokers start smoking when they are in contact with
smokers. This can be prevented with anti-smoking
campaign. An anti-smoking campaign will provide
direction for potential smokers about the dangers of
smoking. Thus, potential smokers have no desire to

smoke. The control Y2 represents nicotine gum. This
control is given to light smokers and smokers who
temporarily quit smoking. Light smokers is smokers
who have the frequency of smoking occasionally. Next,
smokers who temporarily quit smoking is individuals
who quit smoking but still have a desire to smoke. A
nicotine gum can prevent them from getting addicted
and can treat these addictions gradually.

The control function U3 represents treatment
control. This control is given to heavy smokers because
heavy smokers are more difficult to cure their addicted.
Therefore, treatment control is expected to provide
effective treatment. Heavy smokers is smokers who
have the frequency of smoking continuously. Giving
drugs is assumed that heavy smokers can reduce their
smoking frequency from heavy smokers to light
smokers and stop permanently, so that they become
smokers who quit smoking permanently. The control

Ly

Y 1
/:f [4:5(6) — 4,Q5(6) + 5 [ uf (O) + 73 (6) + rud (O]1det + A3P(tr) + AsL () + AsQe(ty).
0

Here, a coefficient 4 s weight factor (positive
constant) that represents a smoker level of acceptance of

the three controls. Next, 1 is weight factor (positive
constant) that correlates with the cost of the anti-

smoking campaign. Whereas, 2 and '3 are weight
factors (positive constants) that correlates with the cost
of nicotine gum and the cost of treatment. Furthermore,
the  optimal control  will be  determined

uy (t),uy (£),u3(t) a5 follows:
Jlas ()5 (), e (t)]
where

U=

{(uy, )0 = uy (£) = 09,0 < uy(t) = 1,0 < uy(t) = 1}

Optimal control problem is solved by fulfilling the
condition on Pontryagin’s maximum principle.

mingf (g (t), up (t), uz (£)uy, up, ug € U},
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that is carried out forms the dynamics model of smoking
with control, namely:

dpP{t)

ic p = B P(R)L(E) — pP(2) — ey (£)P(L)
d

it By P(OL(L) — BoL(0)S(e) — (g + wp(8) )L(E) + bug(8)S(D)
ds(r) D ) o\ _ b e
FRl(2)S(e) + aQ. () — (pu + y)S(t) — (b + chug(£)S(2)

dt (2)
d40.(1)
dt

dQ,(t)
de

v(1—a)S() — (p+a+ uy (£))Q.(t)

ayS(8) — pQy (2) + wy (DP(e) + ug (L) + wp (230, (1) + cuy(t)S(r)

The purpose of this study is to minimize the number
of populations from potential smokers, light smokers,
heavy smokers, smokers who quit smoking temporarily
and to minimize the cost of anti-smoking campaign, the
cost of nicotine gum, and the cost of treatment. The
another aim is to maximize the number of smokers who
quit smoking permanently.

The relationship between the cost of the control

variables (#i{t)) and the number of population has a
non-linier relationship. This causes the cost function to
be formed into a nonlinear model and quadratic

2
function. (u(1))",
Based on the previous description, the cost function
2 2 2
can be formulated 1111 (£),12u3 (£) gng r3u3(t)

where 11,72, 13 are the cost weights for the control
variables. The objective functions is obtained as
follows:

®)

The Hamiltonian that corresponds to the equation
system is

H(,u, t,4) = f(x, t,u) + Z A () g (. 8, 0)

AS(E) ~ AzQ,(0) + 5 [nuf (&) + rud () + mui (0] + AP, ) + At (r,) + AQ(t,)

By PeIL(e) — P e) — wy (1IP(L))

B LLEXS(E) — (p + ug ()Lt} + buy(€)S(2))

+ AL B L(e)SCE) 4 Q1) — (i 4
+Ard

+ 2s(orS(e)

yIS(2) —~ (b + c)uy(e)s(r))

a)S() — L+ o+ up(1))0,(0) )

PO )+ uy ()P )+ wp(r)L(e) + 2y (€0, (2) + cuyle)S()

To obtain the optimal condition, it must satisfy the
stationary  conditions of the Hamiltonian or
I{x,u, 1, A)by solving the state system and the co-state
system. The stationary conditions are conditions where
optimal control {1 (t), 2z (t), u3(£)) must be able to
minimize the Hamiltonian at time t. The following are
stationary conditions that can satisfy optimal conditions:

ni () + (4;—A0P() =0
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() + (s — A)L(E) + (A5 — 2,)Q,(t) = 0 s = )‘D’ ot
\ 1, Fw=1

rzuz(t) + (A; — Az)bS(t) + (A5 — A3)eS(t) =0
also

The optimal control function can be written as 2 0cz<i
ug(r) iO, Itz=0

{dy = 20 = (Ag = £, (1)
- w
with [

TGy — A0b ¢ (As — ADelS(n)

u (t) = —(Al — fS)P(Q 1, Ifz=1 with Ta
1
w(t) = (4 — A5)1(2) + (44 — 25)Q () Thus, the optimal control values %1 %2, U3 can be
: e — )b l’(’z A)eISE) stated as follows:
Ay — )b + (Ag — A5)c)S(t
uj(ey = (e = 2)b + s — A5)clC e { { @y AS)P(:)} }
- u;(t) = min{max {0, o ( Yamax
1
The control variables satisfy w,(t) c [0,0.9] , u;(t)=mm{nm o, Gz = ASIL(E) + (B — A5)Q: (1) g
ug(1) € [0,1], dan wuyit) € [0,1], so it will obtained 2 .
p Az — A3)b + (A3 — A5)c]S
several possible results are as follows: wi(t) = miu{max{o,[( 3= %) +r( 3~ 4s)c] (r)}.u;mu}
3
_ u, Ira “<v< 0% A = AP
ui(e) = ol;.q. lltr e ?w with T The next process is to.det.ermine*the- optimal form of
Hamiltonian by substituting *: into the form
and Hamiltonian. Here, i is obtained in Step 2.

H (x"(e),u’(0),A°(2),) 2
1 A — APt
= AS() — A0, (D) + 51 ((1);5—)&))
1

2
*2

1 ((A:, )LL) + (4 z;)o;(t))
2

+5n
LF]

r3

L ([u; A3)b + (2 z's)cls-(:))’

+ AP () + AL (t,) + A5 Qi (ty) + A — A[ By PT(OL(8) - A;;iP'(z)

(% =) ()
"

1
[(A5 — A3)b + (A3 — A2)clS" (1)

)P'(!) + L5 P (OL(t) — 8,1 (1)S" (1) -

).i(u R uz(t))L'(t)

)OZ(t)

+A;b( " )S'(t)+ AL (£)S*(¢)
3
(1 - )S° (@) - 4 (u oy B BLO 2~ R%E)
2
+ A30yS(t) — AuQ, (£) + A5 (M‘%f)””) P(t)

2 ((A'z — A5)L(1) + (A5 — 13')02(1)) @)

L5
o ((/12 — AZIL(2) J:z(/u —23)Q; (r)) a®
N A;c([(lé —A3)b + (rxa - Aa)c]S’(t))S.(t)
3

Then the state system will be solved. This system is optimal control problem. Based on the equation system
equation system that becomes an obstacle in solving the (2) the state system is obtained as follows:

d’;(:) - 3: = = BP(OL(E) — pP(t) — uy (P()

dl.;z(:‘) _ g_z = BP(OL(E) — BL(OSE) — (1t + un())L() + bus (6)S(r)
dfi_(rt) - gTH., = BoL(1)S(2) + aQy(1) — (u +y)S(t) — (b + Jus(1)S(t)
d(()fl(t) ‘g:i =y(1 - a)S(t) — (u+ a +uy(£))Q, ()

dQ,(t) dH

pr F 7 ayS(t) — pQ,(t) + uy (OP() + uz (OL(E) + 1wy (£)Q, (1) + cus(£)S(e)
5

4)
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where initial condition To find co-state variables or adjoint variables

. A oo A .y in the control form*. We solve the
0) = Py 1(0) — 1, S(0) — 5,, 0,(0) — I, and (1, Aar Ay, Aas 45) | .
P(0Y = Py 1(0) = 19,503 = So. 0u(0) = Lo, co-state equations, then we get the co-state variables.

2u00) = Qs Co-state equations is a negative value of the
Hamiltonian function that derived from state variables
or
i,  dH
dr = —ap = A HA(BLEY + () - LA LE) — Asuy (6)
da, aH .
a AL —Ay + A](ﬁ: ”(U) - /ly(ﬂ,P(t) — fS(t) —(u+ “7)) — A3, 5(t) — Asu,(t)
1A, IH .
(d—,‘ =— ‘aT = —A; + L (B L(t) — bug(2)) — A3 (BoL() — (u+¥) — (b + us(t)) — 4,(y(1 — @)
- I.J(ay + cust )) (5)
dA, aH
T ~ 0. = —As — Aqa + A ((p + a + uy(t)) — Asuy(t)
di;  0H At
e~ ag, ‘zTAH
with transversal condition is The solution for the optimal system will be obtained
by substituting the value of the control optimal ; into
(1) = 2,(y) = 23(t) = 4(tf) = As(2y) = y g . P b
0 the system of state equations (4) and the system of co-
state equations (5), so that the optimal solution form is
as follows:
aH  dP(1)
d—'{i = Tl = p— [P (OL () — pP (t) —ui ()P (1),
aH  dL(t) . . . . .
" dr CAPOU@ RIS (0 - (a4 w5 (O)L(2) + bus(t)S (2).
2 t
aH _ds-(:)‘ L )s* L g b+ ut (O
ax- dr HL (S (O + aQf (1) — (u +y)S* () — (b + uz (O)S" ().
aH  dQ;
aa, (f;,m y(1 = 6)S7() — (1 + a + u3())Q: (1),
aH  dQ;
3= Q(;’l(l) = ayS*(t) — pQu(t) + ui ()P (t) + w3 (L (£) + w3 ()Qc () + cuz(£)S°(¢).
dA; aH
—&; =—om =4y 4 (Bl () + p+ wi (£)) — A8, L (1) — Asui (1)
da; aH

G =3 = A+ M(BP ) — A (BP (D)~ BS"(0) — (u 4 uD) — A5, (6) — Asus(0)

da; aH
T; =g =Mt (Bl (8) — b3 (0)) — Az (Bl (1) — (pu + y) — (b + )z (1))

—2(y(1 — a)) — 45(ay + cuz(t))

di;, dH . .

e a0: = =As ~ Aza + A, ((u + a + uy(t)) — A;25(¢t)

dis dH

@ agy et
with boundary conditions such as Then,
P(0) = Py, L(0) = Lo, S(0) = 50, Q.(0) =Q,,, and also  A;(t,) = A,(ty) = A3(ty) = Ae(ty) =
0,(0) = Q- 0,4s(ty) = 0
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Simulation of optimal control problem will be solved
using the forward and backward sweep algorithm. The
algorithm is applied to MATLAB by defining it on the
M-File with parameters. Previously, these parameters
have been given. In this simulation, the dynamics model
of smoking with three controls has variables,

namely: P,L,S, Q¢ Qp,A1,43,43, 44, and also

As, Uy, Uy, Uz Which are stated in notation or symbol
the following,

P(), L(2),S(1), Q. (1), Qu (1), Ay (1), A (1), A3 (), A4 (1), A5 (D), uy (D), (1),

and uz(i) with i = 0,1, 2,.... The steps of the

forward and backward sweep algorithm are as following
[10],

1. Determining the initial values:
P(0),L(0),5(0), Q. (0). @, (0), 4, (n) =
L(n)=0
and Azim) — Aylm) — Ag(m) — 0 and also error
tolerance. In first step, it will be given initial values
of parameters of the dynamics model of smoking as
follows: peay, 1.(0), 5(0), 0,(0),0,(0) - Besides that,

we also determine the size of the step {h = 0.1].

Table 2. Initial Value for Numeric Simulation

P) [um s [@(0) @00
0.60301 |0.24 |0.10628 |0.03260 |0.01811

2. Making initial guesses Uy Uz gng Us,

3. Calculating value from
PG+ 1), L3+ 1),8G + 1), Q. (i + 1),Q,(i +
1)

with initial values in Step 1. This calculation uses the
Runge-Kutta method of order 4 with forward step.

4. Calculating value from
Ap— 1)./{2(1’ - 1)-){3(P - 1)'/{4(1»’ -
1), 45(p— 1)

with transversal conditions. This calculation uses the
Runge-Kutta method of order 4 with backward step.
5. Calculating the value of the control variables.

A (7 «(n))P(n)
uy(n) mm{ mi 1).{() i () f_' n))P(n) up-.x]
) ) y As (m))Q.(n)
Il;.':ll) min rI I\‘(ju l} () = As(m)Lin) 4 L} L (n )]L L ) WUz |\]
r J
A3 ()b + (Az(n) 5(

uz(n) nm‘nnxrl) [@s(m) = 2,()b + Ay(m) ~ A5 (m)els ”]l ”2.....l
( rs l ’
6. Calculating error values for variables, namely
P.L,S, Qn" Q(u A] v Ay ’13' 341/5' Uy, Uz, and Us

based on current and previous iteration values. If the
error value is greater than tolerance then return to
Step 3.
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7. Print
P"=PL'=LS"=80Q;
Qp uy = uy, uy = uy

e

= Qr-Q;'; =

and

4. NUMERICAL RESULTS

This simulation process is useful to look the total
population of potential smokers, light smokers, heavy
smokers, smokers who quit smoking temporarily and
smokers who quit smoking permanently so the
simulation results 2 (two) graphs. First, the graphs show
the dynamic model of smoking without controls. Then,
the graphs after these three controls are given. The
parameter value used is:

Table 3. Variables and Parameters Value

FWVaIwReferem:%r’W’m
es :

“ 0.25 (4] Ay 0.3 ijump-
Bi |23 | W 42 |3 Qgsump-
P oz | M 43 | o1 tAixjsump-
Hooloos | A | oo tAi\;S;ump-
7 lo4 | As | 1 tﬁixjsump-
Y 0.2 [1] | o2 g\;.:,ump-
om0 |7 o [
LR I L

Figure 2 — 5 show the population solution model of
smoking without controls and with controls.

l g‘l >'m’: Fo c‘lthf

‘.. br'eu cebud
L Atwr Coetrol

D & ®
Tame Mook

Figure 2 Numerical
population

Solution of Light Smoker
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Figure 2 illustrates condition before (blue line) and
after (red line) control included in the simulation. A
significant increase show up in the light smoker
population until the 25" month and then began to
experience decline. The light smoker population reach
the lowest point in the 64" month and increased slowly
until 100" month. Then the population moves constant
towards the equilibrium point so that the lighter smoker
will always exist indefinitely. Therefore, light smokers
are endemic and will not disappear from the population
if there are no control in the population. This is different
when control treatment as nicotine gum is given to the
light population which show us that the light population
has decreased continuously. If on the graph without
control in the 25" month, the population is 0.5051 then
after given control, population of light smokers in the
25th month is 0.001414.

Heavy Smokers Populanon

| === S faten Corkdd

| w— 5 Ay Corded

[T 0
Time Nonkh)

Figure 3 Numerical
population

Solution of Heavy Smoker

Figure 3 is a numerical simulation showing the
dynamic of heavy smokers population before (blue
dash) and after control (red line). Population heavy
smokers before control decrease at the 12" month, then
go to maximum increases at the 45" month. This
population decline until 100" month. This population
goes to the endemic equilibria when heavy smoker
population will be exist in the environment before
control. The red line plot shows a significant decrease
from heavy smokers population, from the 1% month until
48" month and then the population goes to zero. This
decrease occurred as a result of giving treatment for the
heavy smoker as control so it will increase the number
of quitter smoker.

Figure 4 shows a simulation of a temporary non-
smoker population before (blue dash) and after control
(red line). The control given using a nicotine gum as a
treatment for heavy smoker. The temporary non-smoker
population before control increases in the 3™ month then
decreased in the 16" month. After that, the population
increased significantly until the 48" month. This
increase in population occurs due to population of heavy
smokers who stop smoking temporarily so that they
become temporary non-smoker. Meanwhile, the
decrease was due to temporary non-smokers who
returned to being heavy smokers. Nicotine chewing gum
as a control treatment is give a significant effect to
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decrease the number of temporary quitter population.
This population has decreased due to temporary non-
smokers has become a permanent non-smoker.

_Temporary Quitter Populafion

”—O--—.‘~
-

-
-
~
~~~~~

- Befoes Contd

Alfer Coyzi

X X 1 o

) %0 [T
Tme (Morth|

Figure 4 Numerical Solution of Temporary Quitter
Population

Permanent Qutter PFopudabon

Figure 5 Numerical Solution of Permanent Quitter

Population

Figure 5 is a simulation result for population of
permanent quitter smokers before (blue dash) and after
control (red line). The red line is the population after
control which shows that non-permanent smokers have
increased up to months the 66" and so on until the 100"
month. This is due to the presence of heavy and light
smoker person who quit smoking. Meanwhile, after
being given 3 controls, the rate of the increase in the
population of permanent non-smokers is very fast. This
is due to the presence of smokers weight to quit
smoking. Meanwhile, after being given 3 controls, the
rate of the increase in the population of permanent non-
smokers is very fast.

5. CONCLUSION

Based on the description of the previous discussion,
the conclusion is the dynamics model of smoking with
five populations can be modified by providing three
controls. These three controls consists of anti-smoking
campaign, nicotine gum, and treatment. The first control
is given to potential smokers. The second control is
given to light smokers and smokers who quit smoking
temporarily and the last control is given to heavy
smokers. These three controls aim to minimize the
number of potential smokers, light smokers, heavy
smokers and smokers who quit smoking permanently

33



ATLANTIS

PRESS

and also to minimize the cost of anti-smoking campaign,
the cost of nicotine gum, and the cost of treatment.
Besides that, to maximize the number of smoker who
quit permanently. The results of numerical simulations
show effectiveness control after being given three
controls. The results can maximize and minimize the
population.

In future research, studies on the dynamics of the
smoking population by age structure can be developed.
Thus, the number of adolescent and child smokers can
be reduced effectively and significantly.
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