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A B S T R A C T

Studies on the COVID-19 pandemic continue due to the potential mutation creating new variants. One
response to be aware of the situation is by classifying SARS-CoV-2 variants. Neural networks (NNs)-based
classifiers showed good accuracies but are known very costly in the learning process. Second-order optimization
approaches are alternatives for NNs to work faster instead of the first-order ones. Still, it needs a huge
memory usage. Therefore, we propose a new second-order optimization method for NNs, called QR-GN, to
efficiently classify SARS-CoV-2 variants. The proposed method is derived from NNs and Gauss–Newton with
QR factorization. The goal of this study is to classify SARS-CoV-2 variants given their spike protein sequences
efficiently with high accuracy. In this study, the proposed method was demonstrated on a public dataset for the
protein SARS-CoV-2. In the demonstrations, the proposed method outperformed other optimization methods in
terms of memory usage and run time. Moreover, the proposed method can significantly elevate the accuracy
classification for various NNs, such as: single layer perceptron, multilayer perceptron, and convolutional neural
networks.
1. Introduction

COVID-19, an acute respiratory disease caused by the SARS-CoV-
2 virus, became a global pandemic threatening human populations
worldwide [1]. One critical feature to diagnose the SARS-CoV-2 types is
by observing its protein sequences, namely spike protein as a first part
of SARS-CoV-2 attacking the antibody cells of the host. The attacking
process is between the virus’s surface and binds to the ACE2 receptors
in human cells, allowing the virus to infect the host cell [2]. The spike
protein is also the target of neutralizing antibodies the immune system
produces in response to infection or vaccination. Generally, the virus
can mutate and produce new variants that may evade the immunity of
the generated vaccine. Some mutations change the spike protein, which
makes the virus resistant to the vaccine [3].

To notify the evolution of SARS-CoV-2, we can monitor its new
mutation by classifying its variants. We classify the virus’s protein se-
quence and whether it belongs to the existing variants. The notification
becomes essential as new variants may show diverse characteristics we
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should know as soon as possible, such as transmission rate, virulence,
and response to treatments and vaccines. Further, classifying SARS-
CoV-2 variants may help track the virus’s emergence and prevalence.
Up to mid-2022, the World Health Organization (WHO) has detected
five variants of concern (VOC), i.e., Alpha, Beta, Delta, Gamma, and
Omicron [4]. The accurate classification of these variants plays a
critical role in monitoring the evolution of the virus and informing
public health responses [5].

Machine learning methods, particularly neural networks, have been
applied to genomic classification due to their ability to model complex
patterns in biological data [6]. Models such as single layer perceptron
(SLP), multilayer perceptron (MLP), convolutional neural networks
(CNN), and long short term memory (LSTM) have shown promise [7–
11]. However, training the neural networks involves complex architec-
tures and significant computational resources and is prone to overfit-
ting [12].

First-order optimization methods like SGD, AdaGrad, SGDM, RM-
SProp, and Adam are widely used to train neural networks [13,14].
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These methods are known for their simplicity and efficiency in han-
dling large datasets [15]. However, neural network training often re-
quires deeper networks for high-dimensional, non-convex optimization
problems to achieve satisfactory performance [16].

Second-order optimization methods, such as Quasi-Newton or
auss–Newton algorithm, can provide a better solution to these chal-

lenges [17,18]. They consider the curvature of the loss function,
which theoretically allows for more informed updates during train-
ing and could lead to better convergence properties [19]. However,
second-order methods often consume big memory capacities due to the
necessity of calculating and inverting Hessian matrices [20].

This study aims to classify SARS-CoV-2 variants with high accuracy,
iven their spike protein sequences efficiently in terms of memory
sage and runtime. To do so, this study proposes an efficient second-
rder optimization, which helps to learn the spike protein better. It is
roved by the superiority of the proposed method over the existing
ptimization techniques in various neural networks. We believe the
roposed method offering a significant advancement in the artificial
ntelligence community.

The rest of this paper is structured as follows: Section 2 presents
he novelty of this work. Section 3 covers relevant literature on SARS-
oV-2 variant classification and neural network optimization. Section 4

explains the proposed method in detail, including dataset information,
eural network architectures, and the proposed optimization algo-

rithms. The experimental results are discussed in Section 5, highlighting
the effectiveness of the proposed method. Finally, Section 6 summarizes
he outcomes of this study and discusses potential future directions
or efficient neural network optimization methods with high predictive
ccuracy.

2. Novelty of the research

The key differences between this work and existing related studies
are mainly listed below:

1. Development of the SARS-CoV-2 classifier based
on QR-GN optimization: This study introduces a novel
second-order optimization technique, QR-GN, which integrates
the Gauss–Newton method with QR factorization.

2. First application of QR-GN to SARS-CoV-2 variant
classification: The proposed QR-GN method is applied
for the first time to classify SARS-CoV-2 variants using spike
protein sequences, including newer variants.

3. Significant reduction in memory usage and compu-
tational overhead: By utilizing QR factorization within the
Gauss–Newton framework, the proposed method significantly
reduces memory requirements and computational overhead, en-
abling efficient handling of large datasets and training of more
complex neural network models.

4. Enhanced training efficiency and practicality
for real-world applications: The QR-GN method ac-
celerates training times through vectorized and batch com-
putations, addressing the prolonged durations associated with
traditional methods. This improvement facilitates quicker model
deployment and enhances the practicality of the approach for
real-world applications.

The innovation of this work lies in proposing a novel, efficient
second-order optimization method (QR-GN) for neural networks and
applying it to the classification of SARS-CoV-2 variants using spike pro-
tein sequences. By addressing limitations of existing methods in terms
of memory usage and computational efficiency, this study advances
the theoretical framework of neural network optimization and provides
a significant contribution to genomic data analysis and public health
surveillance.
2 
3. Related works

Some related studies on optimization methods and/or SARS-CoV-2
variant classification are discussed in this section. As both discussions
are still limited, we review them separately in the following parts:

SARS-CoV-2 variant classification. Ali et al. [7] identified only five
SARS-CoV-2 variants: alpha, beta, gamma, delta, and ep-
silon variants–no omicron and others using conventional machine
learning. Muhammad et al. [21] predicted solely five SARS-CoV-2
variants with omicron rather than epsilon using machine learning
models such as: XGBoost and LGBM. For better classifier using neural
etworks, Gunasekaran et al. [22] applied CNNs and various RNNs to

classify a few variants of pneumonia diseases to extract DNA sequence
features. They only focused on general COVID-19 instead of its specific
variants, delta, omicron, etc. Similarly, Câmara et al. [9] imple-

ented CNNs and the k-mer approach within image representation
or distinguishing the sequence whether SARS-CoV-2 or not. Hossain
t al. [23] used a pre-trained CNN model to extract features and

employed optimization techniques for dimensionality reduction. Then,
an ensemble technique was used to classify COVID-19 cases using CT
scan images. Yektadoust et al. [24] developed a single-layer 1D-CNN
model for classifying six SARS-CoV-2 variants with eta type and even
detecting its mutations. Awe et al. [25] combined CNNs and LSTM
to predict five variants—similar to this study for omicron, beta,
gamma, delta, alpha. Jamhuri et al. [26] used CNNs for profiling
the hydrophobicity of the SARS-CoV-2 spike protein sequence to help
fit into the model and further classify its variants. In general, previous
studies concentrated on specific SARS-CoV-2 variants without others
variant as it can be considered as the default classification. Further,
hey utilized some existing optimization methods such as: stochastic
radient descent (SGD) or Adam. Those optimizer—first order methods

may be less effective on the SARS-CoV-2 classification due to the
omplex nature of its spike protein sequences. Hence, this study wants

to work with second-order optimization to achieve better SARS-CoV-2
variant classification with efficient learning steps.

Optimization method on neural networks. Wang et al. [27] developed a
practical Newton method for optimizing CNNs on image classification
ata. In specific, they employed a Hessian-free approach to avoid
xplicit Hessian matrix computation. However, the method may lead
o instability during the estimation process as it still returns nega-
ive definite on the Hessian matrix solution. Xu et al. [28] derived
fficient Newton-type methods for non-convex optimization with in-
xact Hessian information. They discussed the approach theoretically
ithout experimental evidence on data. Also, they did not design it

or neural networks. Chen et al. [29] presented a fast algorithm to
evaluate the Gauss–Newton Hessian matrix only on multilayer per-
ceptron for image classification. Ozyildirim and Kiran [30] explored
the Levenberg–Marquardt (LM) algorithm with hinge loss. Even if it
is efficient, we argue that LM is slower than Gauss–Newton. Further,
they ignored the computational efficiency in matrix inversion or mem-
ory usage. Jamhuri et al. [18] used the Gauss–Newton algorithm to
ptimize logistic regression models, which can improve the accuracy
nd fast convergence. Despite that, there is no memory usage issue
s they worked on small data but it may occurs when large. Also,
essian matrix computation may be intractable when the model is more
omplex or huge. In image classification, Mehmood et al. [31] modified

the Adam optimizer to improve training and testing accuracy using
VGG16, ResNet50, and DenseNet121. It remains expensive for tuning
the hyperparameters carefully. Adeoye et al. [32] avoided Hessian ma-
trix computation by applying generalized Gauss–Newton (GCN) method
n multilayer perceptron (MLP) for image classification.

As we mentioned before, the above studies only focused either on
SARS-CoV-2 classification with existing optimization method that may
be costly or second-order optimization for different cases with Hessian
matrix computation problem, but not both. Hence, this study derives
efficient Gauss–Newton method from QR factorization concept to boost
five SARS-CoV-2 variant classification and others.
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Fig. 1. An overview of the proposed method on SARS-CoV-2 variant classification case.
4. The proposed method

We propose a new second-order optimization method of neural
networks (NNs) for classifying SARS-CoV-2 variants. The proposed
method, called QR-GN, combines NNs and Gauss–Newton with QR
decomposition as one of the speciality of this study. The proposed
method contains three main phases, as follows:

• Data preparation: the first phase eventually encodes the SARS-
CoV-2 spike protein sequences data into embedding features.
There are three major steps: data cleansing, data transformation
and splitting data. It returns two embedding features: train and
test embedding features.

• SARS-CoV-2 classifier construction: the second phase learns the
train embedding features based on neural networks via Gauss–
Newton with QR factorization to have the model of SARS-CoV-2
classification.
3 
• SARS-CoV-2 variant prediction: Based on the classifier, the final
phase is to predict the test embedding feature class based on the
classifier from the previous phase.

The overview of the proposed method in this study application is shown
in Fig. 1.

Before going into the details of the proposed method, some neces-
sary notations are discussed in the next section.

4.1. Preliminary

Let 𝑆 be a set of SARS-CoV-2 spike protein sequences, and 𝐿 be a
set of the corresponding variant labels. To work with neural networks,
a set 𝑆 is encoded into an embedding matrix of input 𝑋 ∈ R𝑚×𝑝, where
𝑚 is the total number of sequences and 𝑝 is the embedding dimension
obtained from amino acid to integer encoding [33]. Similarly, a set
𝐿 is encoded into an embedding vector of output 𝑌 ∈ N𝑚×𝑞 with
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Fig. 2. The details of data preparation for SARS-CoV-2 classification.
Table 1
The amount of SC2seq data from the original to each data preparation step, especially data cleansing and data augmentation.

SARS-CoV-2 #-sequence

Variant NCBI LSR step DSS step UFR step AD-over step AD-under step

Alpha 191,070 190,926 34,789 20,341 20,341 4,000
Beta 4,097 4,083 1,753 584 *4,672 4,000
Gamma 17,102 17,037 4,117 2,363 *4,726 4,000
Delta 37,172 36,921 15,017 6,859 6,859 4000
Omicron 1,928 1,928 1,263 1,084 *4,336 4,000
Others 21,321 8,669 6,109 454 *7,264 4,000
e
s

i

𝑞 is the total number of existing variants, using a one-hot encoding
scheme [34]. Following the general purpose of this study, we want to
efine a function (or classifier) 𝑓 that maps each SARS-CoV-2 spike
rotein sequence 𝑥 to a specific variant label 𝑦, i.e., 𝑓 ∶ 𝑋 → 𝑌 .
rom the main objective of this study, a function 𝑓 is related to an
ptimization problem for minimizing the cross-entropy loss. Moreover,

we solve the optimization problem using QR-GN to efficiently and
ffectively classify the SARS-CoV-2 spike protein sequences or SC2seq

data. In order to learn the sequence data, we must prepare it to fit in
neural networks.

4.2. Data preparation

This phase encodes the SC2seq data 𝑆 into embedding matrices 𝑋
along with a few common data preprocessing. It has three steps: data
cleansing to remove some redundant sequences and missing characters,
data transformation to encode the dataset, and splitting data for model
construction and prediction purposes, which is shown in Fig. 2. The
C2seq data1 in this study was fetched from the National Center for
iotechnology Information (NCBI) [35]. It has 272,690 sequences data

and more than one thousand variants that were extracted from Decem-
er, 2019 to July, 2022. In this study, we only observed six variants

following five principal variants of concerns (VOCs): Alpha, Beta,
Gamma, Delta, and Omicron [36], and one for other variants—which
the class name is Others.

Data cleansing. As the data still has redundant and missing char-
acters, we compiled three sequential cleansing approaches: (i) long
sequence removal (LSR) is by selecting the sequence that has around
1,200–1,300 amino acid characters at maximum, (ii) distinct sequence
selection (DSS) is by deleting redundant or similar sequences, and (iii)
uninformative feature reduction (UFR) is by keeping sequences that only
hold unknown characters with the length does not exceed 50. At the
end of this phase, the data only contains 31,685 sequences. All detail
information about the amount of the data after passing each data
cleansing can be seen in Table 1.

1 The SC2seq can be downloaded on SARS-CoV-2SpikeData.
4 
Data transformation. The SC2seq data is on categorical values, thus
it needs to be encoded to numerical ones to fit on neural networks.
This step applies six transformation techniques: (i) sequence-to-integer
(seq2int) is to encode all characters of amino acid in the spike protein
sequences into distinct integer values adopting the common seq2int
rule in MATLAB,2 which is depicted on Fig. 3(a), (ii) data augmentation
(AD) is to make the dataset into balance class as the number of each
variant is imbalance, which will be discussed in the next paragraph,
(iii) data normalization is to normalize the numeric values fall within
range [0, 1], (iv) padding data is to add some zero values on each
sequence with the length is less than the maximum length 𝑝 (i.e., 1,300
in this study), such that we have uniform length for all sequences
or an embedding matrix 𝑋 ∈ R𝑚×𝑝, (v) label-to-integer (L2int) is to
change categorical SARS-CoV-2 variants into certain integer values,
and (vi) one-hot encoding is to encode the integer variants into unique
bit array resulting in a matrix 𝑌 ∈ N𝑚×𝑞 . Finally, the output of data
transformation step is the embedding matrix of SC2seq (𝑋) and the
ncoded matrix of variant labels (𝑌 ). The illustration for fifth and sixth
teps are shown in Fig. 3(b). Also, the details of the data transformation

can be seen in Fig. 2.
In the data augmentation, over-sampling and under-sampling ap-

proaches are utilized. The over-sampling here employs shifted data
augmentation techniques (SA) that commonly used for DNA sequences
data as similar to [37,38]. Generally, the SA technique adds the number
of the data by excluding the unrelated new data. The SA will generate
an augmented sequence from shifting the existing sequence based on
a specified base pair number as like sliding windows. In that case, the
augmented sequence is almost similar to the origin one with a slightly
difference depending on how large the base pair number is given. It
makes the dataset richer enhancing the learning process to have good
classifier 𝑓 . There is about 48,198 sequences. Yet, it still imbalance
ssue on the variant numbers. To cope with the issue, under sampling is

used by cutting randomly until 4,000 sequences for each variant. Over-
all, the dataset becomes 24,000 sequences with their corresponding
variant labels which will be evaluated using the proposed method.

2 The sequence-to-integer conversion is followed from the package ‘aa2int’
in MATLAB.

https://www.kaggle.com/datasets/edumath/sars-cov-2-spike-sequences
https://www.mathworks.com/help/bioinfo/ref/aa2int.html
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Fig. 3. Data transformation of SC2seq data from (a) seq2int conversion and (b) one-hot encoding.
e
a

Splitting data. Last step on data preparation is split the dataset into
rain, validation, and test sets. The ratio of each set in this study is
0% for train set, 15% for validation set, and 15% for test set. The
xperiments of this study is compiled from a standalone computer with
n AMD RYZEN 7 processor, 8 CPU cores, an RTX 3060 with 6 GB
RAM GPU, and 32 GB of RAM. Moreover, this study used Matlab
023b and the Deep Learning Toolbox for the software environment.
n the next section, the SARS-CoV-2 classifier construction will be
xplained.

4.3. SARS-CoV-2 classifier construction

This phase attempts to construct the SARS-CoV-2 classifier. To have
efficient and effective SARS-CoV-2 variant classification, this study in-
troduces a new optimization algorithm for neural networks. Principally,
the proposed algorithm is based on second order optimization. In this
part, we will discuss three points for explaining the proposed algorithm,
as follows:

• The derivation of second order optimization for neural networks: We
first derive the second order optimization for neural networks
through Gauss–Newton method. Basically, we optimize the loss
function of neural networks using Gauss–Newton.

• The proposed algorithm: We employ QR factorization on the Gauss–
Newton such that it can deliver an efficient optimization algo-
rithm for neural networks. Not only that, we can then bene-
fit the effectiveness of the proposed method on classifying the
SARS-CoV-2 variants.

• Neural networks integration: In this part, we integrate a few neural
networks on the proposed algorithm to see its efficacy.

Second order optimization for neural networks derivation. Sup-
pose  be the cost function on neural networks, given by:

(𝐰) =
𝑚
∑

𝑡=1
𝑡 (𝐰); (1)

with 𝑚 is the number of sample data, 𝐰 represent a vector of learnable
parameters, and 𝑡 is the cross-entropy loss of the neural networks for
th sample which defined in Eq. (2) below:

𝑡 = −⟨

𝐲𝑡, log
(

𝐲̂𝑡
)⟩

; (2)

where 𝐱𝑡 ∈ R𝑝 is the input vector, 𝐲𝑡 ∈ N𝑞 is the encoded vector for the
rue label, and 𝐲̂𝑡 = 𝑓

(

𝐱𝑡;𝐰
)

is the predicted probability vector.
Generally, the optimization problem in neural networks involves

inimizing the cost function defined in Eq. (1). This study approxi-
ates the problem in second order modes by using the Gauss–Newton
ethod. To find the optimal solution, we need to consider the loss

function at the 𝑡th instance, which is defined as a function of the
5 
parameter 𝐰 at the (𝜅 + 1)th iteration in Eq. (3).

𝑡
(

𝐰𝜅+1) = 0; (3)

The goal of the approximation is to search for an update parameter
𝛥𝐰 that can reduce the loss value of 𝑡. Further, the approximation of
𝑡(𝐰𝜅+1) around the current parameters 𝐰𝜅 is based on the Taylor series
xpansion, where its truncation after the first derivative can be written,
s follows:

𝑡
(

𝐰𝜅+1) ≈ 𝑡 (𝐰𝜅 ) + ⟨∇𝑡 (𝐰𝜅 ) , 𝛥𝐰⟩ ; (4)

with the inner product on the second term of Eq. (4) is defined as:

⟨∇𝑡 (𝐰𝜅 ) , 𝛥𝐰⟩ =
𝑛
∑

𝑖=1

𝜕𝑡
𝜕 𝑤𝑖

𝛥𝑤𝑖, 𝛥𝑤𝑖 = 𝑤𝜅+1
𝑖 −𝑤𝜅

𝑖 ;

with 𝑛 is the number of learnable parameters, 𝐰𝜅 and 𝐰𝜅+1 are the
parameters at the 𝜅th and (𝜅 + 1)th iterations. 𝛥𝐰 is the difference of
the current and next parameters

(

𝑤𝜅+1
𝑖 −𝑤𝜅

𝑖
)

. ∇𝑡 (𝐰𝜅 ) is the gradient
of the loss function w.r.t the parameters, such that its element is coming
from the partial derivative of 𝜕𝑡∕𝜕 𝑤𝑖. Subsequently, the dimensions of
𝛥𝐰 and ∇𝑡 (𝐰𝜅 ) are 𝑛. Further, we shall substitute Eq. (4) into Eq. (3)
to obtain the following equation:

𝑡 (𝐰𝜅 ) + ⟨∇𝑡 (𝐰𝜅 ) , 𝛥𝐰⟩ = 0. (5)

In the learning process, assume that there is 𝑚 number or batch of
data. Eq. (5) will forms into a system of linear equations, as follows:

1 (𝐰𝜅 ) + ⟨∇1 (𝐰𝜅 ) , 𝛥𝐰⟩ = 0
2 (𝐰𝜅 ) + ⟨∇2 (𝐰𝜅 ) , 𝛥𝐰⟩ = 0

⋮

𝑚 (𝐰𝜅 ) + ⟨∇𝑚 (𝐰𝜅 ) , 𝛥𝐰⟩ = 0
The above system of linear equations can be rewritten to see their
relations below.

⟨∇1 (𝐰𝜅 ) , 𝛥𝐰⟩ = −1 (𝐰𝜅 )

⟨∇2 (𝐰𝜅 ) , 𝛥𝐰⟩ = −2 (𝐰𝜅 )

⋮

⟨∇𝑚 (𝐰𝜅 ) , 𝛥𝐰⟩ = −𝑚 (𝐰𝜅 )

For simplicity, the above equations are expressed into a matrix, as
follows:

𝐴 𝛷 = 𝐵; (6)

with

𝐴 =

⎡

⎢

⎢

⎢

⎢

∇1 (𝐰𝜅 )
∇2 (𝐰𝜅 )

⋮
𝜅

⎤

⎥

⎥

⎥

⎥

, 𝛷 = [𝛥𝐰]⊤ , and 𝐵 =

⎡

⎢

⎢

⎢

⎢

−1 (𝐰𝜅 )
−2 (𝐰𝜅 )

⋮
𝜅

⎤

⎥

⎥

⎥

⎥

(7)
⎣

∇𝑚 (𝐰 )
⎦ ⎣

−𝑚 (𝐰 )
⎦
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In that case, the dimensions of 𝐴, 𝛷, and 𝐵 in Eq. (7) are 𝑚×𝑛, 𝑛× 1 and
× 1. On the other hands, 𝐴 is the Jacobian matrix, 𝐵 is the residual

ector, and 𝛷 is the solution of Eq. (7) or the update neural networks
parameter. As 𝐴 is a non-square matrix, it is difficult to get the solution
of Eq. (6) directly. An alternative way is based on the least-square
technique (LS). Eq. (6) can be solved through LS into the following
normal equation below.
[

𝐴⊤𝐴
]

𝛷 =
[

𝐴⊤𝐵
]

; (8)

That is what this study wants to solve.

The proposed algorithm. To obtain the solution of Eq. (8), this study
proposes an algorithm namely QR-GN_Opt based on 𝑄𝑅 factorization.
The proposed algorithm includes two stages: QR factorization, and up-
date neural network weights, which will be discussed on the following
paragraphs.

QR_fact. The 𝑄𝑅 factorization procedures are depicted on Algorithm
1. Note that direct methods can solve Eq. (8) only on small datasets
or light systems. Otherwise, they become intractable, especially when
more than thousands of parameters and the size of

[

𝐴⊤𝐴
]

turns out
uge, and the variance may be very high. To avoid high biases and
eavy computations, this study introduces the 𝑄𝑅 factorization on
q. (8) as it is known as a robust approach for solving linear equa-

tions system [39]. In Algorithm 1, the matrix 𝐴 is factorized into the
product of an orthogonal matrix 𝑄 and an upper triangular matrix 𝑅,
i.e., 𝐴 = 𝑄𝑅, to facilitate the identification of the solutions of Eq. (8)
rom the Back substitution technique. Specifically, the factorization is

obtained by an iterative algorithm under the Gram–Schmidt process
nd Householder reflections, as in [40]. Based on the QR factorization,
e can update the weights on the neural networks until the stopping

onditions are met.

Algorithm 1: QR_fact
Input: A matrix 𝐴 ∈ R𝑚×𝑛 with linearly independent column
Output: Orthogonal matrix 𝑄, and upper triangular 𝑅

for 𝑗 = 1 to 𝑛 do
𝑦 ← 𝐴𝑗
𝑅𝑗 ,𝑗 ← ‖𝑦‖
𝑄𝑗 ← 𝑦∕𝑅𝑗 ,𝑗
for 𝑖 = 1 to 𝑗 − 1 do

𝑅𝑖,𝑗 ← 𝑄⊤
𝑖 𝐴𝑗

𝑦 ← 𝑦 − 𝑅𝑖,𝑗𝑄𝑖
end

end

return 𝑄, 𝑅

QR-GN_Opt. The procedures of update neural network weights are
described on Algorithm 2. The idea of Algorithm 2 is to cope with the
nconsistency issue on Eq. (6) (which may occurs) as follows:

1. Recall Algorithm 1 to obtain the 𝑄𝑅 factorization of 𝐴 or 𝐴 =
𝑄 𝑅.

2. Transpose the orthogonal matrix 𝑄, i.e., 𝑄⊤ and multiply it to
both sides of Eq. (6) such that 𝑄⊤ 𝐴 𝛷 = 𝑄⊤ 𝐵 or 𝑅 𝛷 = 𝑄⊤ 𝐵.

3. Based on the back substitution method, solve the upper trian-
gular system 𝑅 𝛷 = 𝑄⊤𝐵 from the previous step to obtain
𝛷.

In the first step, we randomly initialize the weight parameter 𝐰0.
Then, we set the iteration 𝜅. During the learning process, there are two
major stages: classifier construction and updating the weight parame-
ters. The classifier construction is based on neural networks, which will
be discussed in the next section. Yet, it returns the output predictions 𝐲̂
and the loss functions . The updated weight parameters are basically
6 
Algorithm 2: QR-GN_Opt
Input: Training set {(𝐱𝑡, 𝐲𝑡)}𝑚𝑡=1, initial parameters 𝐰0,

convergence threshold 𝜖, and maximum iteration 
Output: Optimized parameters 𝐰∗

𝐰𝜅 ← 𝐰𝟎; 𝜅 ← 0;
while 𝜅 <  do

for 𝑡 ← 1 to 𝑚 do
𝐲̂𝑡 = 𝑓 (𝐱𝑡;𝐰𝜅 ) ← neural network output with input 𝐱𝑡
and parameters 𝐰𝜅 ; 𝑡 ←

⟨

𝐲𝑡, log
(

𝐲̂𝑡
)⟩

end
𝐴 ← Compute the Jacobian matrix of 𝑡 w.r.t. parameters
𝐰;

𝐵 ←
(

−1,−2,… ,−𝑚
)⊤;

𝑄, 𝑅 ← 𝑄𝑅_fact(𝐴);
𝛷 ← Solve 𝑅𝛷 = 𝑄𝑇𝐵 using the Back substitution;
if ‖𝛷‖ < 𝜖 then

break;
end
𝐰𝜅+1 ← 𝐰𝜅 +𝛷;
𝜅 ← 𝜅 + 1;

end
return 𝐰∗ ← 𝐰𝜅

described as follows:

𝐰𝜅+1 = 𝐰𝜅 + 𝛥𝐰; (9)

Based on the Gauss–Newton with 𝑄𝑅 factorization, 𝛥𝐰 is estimated
from 𝛷. To obtain 𝛷, we take the Jacobian matrix 𝐴 of the loss
functions w.r.t. 𝐰. Following the above idea, the next step is to recall
QR_fact(𝐴) to get the orthogonal matrix 𝑄 and the upper triangular
matrix 𝑅. From both matrices, the 𝛷 can be obtained from 𝑅𝛷 = 𝑄𝑇𝐵
using the Back substitution. Finally, we update the weight parameters
for the next iteration, as follows:

𝐰𝜅+1 = 𝐰𝜅 +𝛷; (10)

This learning process will be terminated when the iteration 𝜅 exceeds
 or the norms of 𝛷 are less than the convergence threshold 𝜖. For
he second terminal condition, the assumption is that only a very small
hange happens if the norm of the local optima solution 𝛷 is below 𝜖.
n other words, it is close enough to the optimal set of parameters 𝐰∗.

In the next section, the neural networks that were implemented in
this study will be explained.

Neural networks integration. From Algorithm 2, a few steps are
basically the main course for constructing the classifier for SCseq data
using neural networks 𝑓 . In this study, a few neural networks are
observed to see the robustness of the proposed algorithm. Four well-
known and basic neural networks will be compiled with different
domain natures: single-layer perceptron (SLP), multilayer perceptron
(MLP), convolutional neural networks (CNNs), and long short terms
memory (LSTM). In general, the architecture of each neural network
can be seen in Fig. 4.

The details of neural network architectures, such as input and
output sizes, number of layers, and the total parameters, are listed
on Table 2. Indeed, each model has the same input and output sizes:
1,280 sequences and 6 SARS-CoV-2 variants for this case. Moreover, the
rchitecture of each neural network follows Deep Learning Tool-
box in MATLAB. Those default settings achieved good performance
in this study’s applications. Moreover, we can describe the number
of parameters in each layer of neural networks and the total at the
end. SLP encompasses fully connected layers with 7,686 learnable
parameters, including 6 × 1, 280 weight and 6 × 1 bias parameters. MLP
composes two fully connected layers with 64,356 learnable parameters,
including weight and bias parameters for each layer. CNNs include one-
dimensional convolution layers along with a fully connected layer with
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Fig. 4. Neural network architectures that are used: (a) SLP, (b) MLP, (c) CNNs, and (d) LSTM. The arrows in the diagram describe the data flow, starting at the input layer until
the output layer.
Table 2
Number of learnable parameters of the models.

Model Input size Output size Layer Type Size Total parameters

SLP 1,280 6 Fc Weights 6 × 1, 280 7,686
Bias 6 × 1

MLP 1,280 6 Fc-1 Weights 50 × 1, 280 64,356
Bias 50 × 1

Fc-2 Weights 6 × 50
Bias 6 × 1

CNN 1,280 6 Conv1d Weights 11 × 1 × 96 1,734
Bias 1 × 96

Fc Weights 6 × 96
Bias 6 × 1

LSTM 1,280 6 lstm Input weights 50 × 4 × 1, 280 266,506
Recurrent weight 50 × 4 × 50
Bias 50 × 4

Fc Weights 6 × 50
Bias 6 × 1
a
b
m

1,734 learnable parameters in total. LSTM consists of fully connected
layers and four gate mechanisms with a total learnable parameters of
266,506. The early assumption is that LSTM will have the heaviest
omputation among other neural networks in this study as it has the
argest number of parameters. During the training process, we set
he batch size equal to 250 and activated early stopping to prevent
verfitting issues.

4.4. SARS-CoV-2 variant prediction

The previous phase constructs the SARS-CoV-2 classifier or model.
hen, the test data, the spike protein sequences, is fed to the classifier to
redict their variants. In this study, the test data contains 3,600 SARS-

CoV-2 spike protein sequences to be predicted. The prediction results
were evaluated based on four metrics: accuracy, precision, recall, and
F1-score, as follows:

Accuracy =
Number of correct predictions
Total number of predictions

Precision = True Positives
True Positives + False Positives

Recall = True Positives

True Positives + False Negatives

7 
F1 Score = 2 × Precision × Recall
Precision + Recall

This study examined not only the above metrics but also the proposed
method based on computational time and memory usage. The compu-
tational time analysis is based on run-time comparisons, #-iterations,
and #-epochs. The memory usage analysis is based on the total memory
allocations in the systems and matrix computations. Further details for
the evaluations are discussed in the next section.

5. Result and discussion

This section will discuss the results of the experiment and their
nalysis. Generally, the discussions are categorized into four parts: (i)
aseline optimization method comparison, (ii) convergence tests, (iii)
emory requirement analysis, (iv) real case prediction, and (v) further

discussion to provide clear explanations of why the proposed method
is important.

5.1. Baseline optimization method comparisons

As this study focuses on optimizing the neural networks, the first
discussion is to compare the proposed method with the baseline ones.
The baseline optimization methods are stochastic gradient descent
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Fig. 5. Learning curve comparisons on SARS-CoV-2 Classification using (a) SLP, (b) MLP, (c) CNN, and (d) LSTM from various optimization methods.
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(SGD) [41], AdaGrad [42], stochastic gradient descent with momentum
SGDM) [43], root mean square propagation (RMSProp) [44], and
dam [45] to be compared. To be specific, the comparisons concentrate

on learning curves to see the effectiveness of the proposed method and
omputational time to know its efficiency. In this study, we observed
he learning processes until 50 epochs. The learning processes of all NNs
ere with different optimization methods can be seen in Fig. 5. More-

over, the computational times for all NNs with different optimization
methods are listed on Table 3. The discussions are delivered for each
NN in the following paragraphs.

Single layer perceptron. As the simplest architecture, SLP turns out
to demonstrate the most stable learner over different optimization
methods with the minimum error among other NNs. Especially, the
proposed method can alleviate SLP to achieve such exceptional perfor-
mance on SARS-CoV-2 classification. On the other hand, it is clear that
the proposed method showed the longest execution time compared to
others since it is the one and only second-order optimization method
type in this study. Yet, the proposed method provided the most accurate
as expected.

Multilayer perceptron. The proposed method indicated competitive per-
formances in MLP by taking third place after Adam and SGDM, con-
secutively with only a small gap of around 0.05. The main reason is
that MLP has larger parameters than SLP, which makes the Jacobian

atrix calculation of the proposed method more complex. Accordingly,
he computation time of the proposed method here is twice slower
han in SLP, while other methods are only slightly longer. However, we
8 
seek the simplest model to classify the SARS-CoV-2 variants accurately,
which still comes from the proposed method in SLP architecture with
the smallest loss value.

Convolutional neural networks. The proposed method can harmonize
on CNNs very well by exhibiting the most excellent learning process
ven at the earliest stage than others. The proposed method provides
etter kernel matrix on the feature filtering (or selection) of CNNs.
lso, it requires more expensive computation than others. Despite that,

he proposed method in the CNNs has the most accurate classification
ompared to other NNs and optimization methods.

Long short term memory. Similar to MLP, LSTM has the largest param-
eters and is known with the four gates mechanism which makes the
computation time is the longest ones. Also, the learning process from
the proposed method tends to be difficult to perform better than others.

In general, the proposed method can be very effective on simple
et robust models instead of complex ones. Overall, we recommend
o apply CNNs with the proposed method for accurate SARS-CoV-2
ariant classification. Further, if seeking little bit faster and edible
lassification, the proposed method with SLP can be the best alternative
pproach.

5.2. Convergence tests

This section analyzes the convergence behavior of the proposed
QR-GN optimization method compared to state-of-the-art ones: SGD,
AdaGrad, SGDM, RMSProp, and Adam. The evaluation focuses on the
following aspects:
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Table 3
The loss value and computational time of each NN with different optimization method
at 50 epoch.

NNs Optimizer Loss Total runtime (s)
Training Validation

SLP

SGD 0.3955 0.4071 821.18
AdaGrad 0.2910 0.3067 929.75
SGDM 0.1194 0.1896 867.32
RMSProp 0.1139 0.1771 919.50
Adam 0.1042 0.1807 919.54
Ours 0.1159 0.1617 6,252.79

MLP

SGD 0.3262 0.3964 894.71
AdaGrad 0.5769 0.6885 858.60
SGDM 0.1547 0.2476 950.32
RMSProp 0.5517 0.6444 828.93
Adam 0.1499 0.2416 930.34
Ours 0.2587 0.2932 12,797.45

CNN

SGD 1.1405 1.1958 6,373.95
AdaGrad 0.1273 0.1645 6,152.45
SGDM 0.2055 0.2594 6,948.20
RMSProp 0.1150 0.1816 6,335.01
Adam 0.1357 0.1738 6,067.15
Ours 0.1073 0.1099 16,671.61

LSTM

SGD 1.5779 1.6192 9,394.23
AdaGrad 1.7430 1.7581 10,891.37
SGDM 1.2030 1.2919 11,212.57
RMSProp 1.3110 1.3641 11,899.25
Adam 1.2608 1.3274 9,629.12
Ours 1.6877 1.5625 48,975.29

1. Training and validation accuracy improvement: This part observed
the improvement of each neural network with different opti-
mization methods during the learning process according to the
accuracy metric. It simply shows how effective the proposed
method in maximizing the accuracy is.

2. Number of epochs: This part investigates how fast the proposed
method to converge is. It compared the total number of epochs
during the training phase between the proposed method and
others.

3. Computation time: This part computes the runtime of the pro-
posed method on different NNs to see how fast it is to achieve
convergence. It is also compared to the other optimization meth-
ods.

Before discussing the above three aspects, the experiments followed
arly stopping condition as in [46] to avoid the overfitting phenomena.

The first aspect is shown in Fig. 6. Meanwhile, the second and third
spects are listed on Table 4. The discussion on those aspects will be
elivered on each neural network architecture in the next following

paragraphs.

Single layer perceptron. QR-GN achieved a validation accuracy of
.9708 at epoch 22, which is higher than most other optimizers. How-
ver, RMSProp and Adam achieved slightly lower validation accuracies
f 0.9561 and 0.9539, respectively, but with fewer epochs. Despite
R-GN’s quick convergence, its significantly higher total runtime of
,907.85 s compared to other optimizers made it less efficient in terms
f computational cost.

Multilayer perceptron. QR-GN achieved a validation accuracy of 0.9456
t epoch 18, demonstrating rapid convergence and competitive accu-
acy. Adam achieved a slightly higher validation accuracy of 0.9481
t epoch 25. QR-GN’s quick convergence highlights its strength in
chieving high accuracy rapidly, but its high computational cost of
,104.66 s indicates substantial resource requirements.

Convolutional neural networks. QR-GN achieved a validation accuracy
of 0.9617 at epoch 12, showing the fastest convergence among the
optimizers and achieving the highest accuracy. Adam and SGD had
competitive validation accuracies of 0.9372 and 0.9411, respectively.
9 
Table 4
Summary of convergence performance for different neural network models and opti-
mizers.

Model type Optimizer Accuracy Epochs Total runtime (s)
Training Validation

SLP

SGD 0.9800 0.9356 197 3,235.48
AdaGrad 0.9850 0.9458 307 5,708.66
SGDM 0.9800 0.9511 48 832.63
RMSProp 0.9750 0.9561 48 882.72
Adam 0.9750 0.9539 43 790.81
Ours 0.9821 0.9708 22 2,907.85

MLP

SGD 0.9500 0.9256 57 1,019.98
AdaGrad 0.9300 0.8869 20 343.44
SGDM 0.9650 0.9386 21 399.14
RMSProp 0.9200 0.8719 22 364.73
Adam 0.9700 0.9481 25 465.17
Ours 0.9560 0.9456 18 4,104.66

CNN

SGD 0.9800 0.9411 829 105,680.14
AdaGrad 0.9650 0.9303 40 4,921.96
SGDM 0.9300 0.9142 31 4,307.89
RMSProp 0.9450 0.9167 28 3,547.61
Adam 0.9750 0.9372 49 5,945.81
Ours 0.9679 0.9617 12 2,059.94

LSTM

SGD 0.5900 0.5544 51 9,582.12
AdaGrad 0.6500 0.5517 21 4,533.48
SGDM 0.6450 0.5639 20 4,485.03
RMSProp 1.0000 0.5628 9 2,141.87
Adam 0.6000 0.5497 10 1,925.83
Ours 0.3000 0.3038 6 5,877.04

QR-GN’s exceptional convergence speed and high accuracy at epoch 12
are noteworthy.

The QR-GN for the LSTM model shows the lowest validation accu-
racy at 0.3038, indicating it is less effective at maximizing accuracy
ompared to other optimizers like RMSProp, which achieves a higher
alidation accuracy of 0.5628. Although QR-GN converges quickly in

just 6 epochs, like Adam, its total runtime is significantly higher at
5,877.04 s due to the computational complexity of the method. This
uggests that while QR-GN offers rapid convergence in terms of epochs,
ts lower accuracy values and extended computational time make it less
uitable for LSTM models without further optimization.

Afterall, QR-GN demonstrates strong performance in terms of rapid
convergence and high accuracy in CNN models, achieving competitive
validation accuracies and offsetting its higher computational cost with
its efficiency. In SLP and MLP models, QR-GN achieves high accuracy
ut is outperformed by Adam and RMSProp in terms of computational
ost, which limits its practicality.

5.3. Memory requirement analysis

The memory requirements for an optimization algorithm are a vital
onsideration, especially for large-scale problems. In this section, we
ddress the memory requirements for updating trainable parameters
n neural networks using the Gauss–Newton method. We originally
aced the challenge of solving an inconsistent system of linear Eq. (6),
hich led to the normal Eq. (8). Solving the normal equation requires

significant memory to store the Hessian matrix
[

𝐴⊤𝐴
]

, which can be
large depending on the number of trainable parameters in the neural
network’s architecture. We will discuss the memory requirements for
solving this system using the least squares method, serving as the
baseline approach, and compare them with the proposed approach.

Least squares method. Solving the normal Eq. (8) requires memory to
store the Jacobian matrix 𝐴, the Hessian matrix

[

𝐴⊤𝐴
]

, and the gradient
vector 𝛷. Specifically, the Jacobian matrix requires 𝑚 × 𝑛 × 𝛺 bytes
of memory, where 𝛺 represents the memory size allocated for each
data type, typically 8 bytes. In comparison, the Hessian matrix and
the gradient vector, respectively, require 𝑛 × 𝑛 × 𝛺 and 𝑛 × 𝛺 bytes of
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Fig. 6. Convergence curve comparisons on SARS-CoV-2 Classification using (a) SLP, (b) MLP, (c) CNN, and (d) LSTM from various optimization methods.
Table 5
Memory requirement of the Gauss–Newton by least squares.

Type of Number Number of Memory for matrices (in bytes) Total

neural of data parameters Jacobian (𝐴) Hessian (𝐴⊤𝐴) Gradient (𝛷) memory
network (𝑚) (𝑛) (𝑚 × 𝑛 × 8) (𝑛 × 𝑛 × 8) (𝑛 × 1 × 8) (in Gigabytes)

SLP 250 7,686 15,372,000 472,447,392 61,488 0.46 Gb
MLP 250 64,356 128,712,000 33,173,291,136 514,848 31.81 Gb
CNN 250 1,734 3,468,000 24,032,328 13,872 0.03 Gb
LSTM 250 266,506 532,012,000 567,346,407,616 2,132,048 528.99 Gb
allocated memory. We can summarize the total memory requirement
(

𝑀total
)

using the formula:

𝑀total =
(

𝑚𝑛 + 𝑛2 + 𝑛
)

×𝛺

Further details are provided in Table 5.

QR factorization. Solving Eq. (6) via QR Factorization primarily re-
uires allocated memory for the Jacobian matrix 𝐴, the residual vector
, and the QR decomposition of 𝐴. This decomposition yields an
rthogonal matrix 𝑄, an upper triangular matrix 𝑅, a gradient vector 𝛷,
nd an updated parameter vector. The allocated memory requirements
re as follows: the Jacobian matrix requires 𝑚 × 𝑛 × 𝛺, the residual
ector needs 𝑚 × 𝛺, and 𝑄 and 𝑅 from the QR decomposition require
× 𝑚 × 𝛺 and 𝑚 × 𝑛 × 𝛺, respectively. The gradient vector 𝛷 and the

pdated parameter vector collectively require 2 × 𝑛×𝛺. Thus, the total
re-allocated memory requirement is:
 p

10 
𝑀total =
(

𝑚2 + 𝑚 + 2𝑚𝑛 + 2𝑛) ×𝛺

The memory requirements of the Gauss–Newton method with QR fac-
torization, as applied to the models (SLP, MLP, CNN, and LSTM), are
detailed in Table 6.

The Gauss–Newton method effectively addresses the problem by
utilizing QR factorization to solve linear Eq. (6), thus circumventing
the need to calculate the Hessian matrix.

5.4. Real case results

In this section, we delve into the performance metrics of the pro-
posed method compared to other baseline optimizers such as SGD,
AdaGrad, SGDM, RMSProp, and ADAM across various neural network
models. The metrics considered for this analysis include accuracy,

recision, recall, and F1-score, which comprehensively evaluate the
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Table 6
Memory requirement of the Gauss–Newton by QR factorization.

Type of Number of Number of Memory for matrices (in bytes) Total

neural data parameters Jacobian (𝐴) Residual (𝐵) 2 × Gradient (𝛷) Orthogonal (𝑄) Up-Trian (𝑅) memory
Network (𝑚) (𝑛) (𝑚 × 𝑛 × 8) (𝑚 × 1 × 8) (2 × 𝑛 × 1 × 8) (𝑚 × 𝑚 × 8) (𝑚 × 𝑛 × 8) (in MB)

SLP 250 7,686 15,372,000 2,000 123,072 500,000 15,372,000 29.38
MLP 250 64,356 128,712,000 2,000 1,029,688 500,000 128,712,000 246.94
CNN 250 1,734 3,468,000 2,000 27,744 500,000 3,468,000 6.63
LSTM 250 266,506 533,012,000 2,000 4,264,096 500,000 533,012,000 1,021.39
r
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Table 7
Comparative performance metrics of neural network models.

Model Type Optimizer Accuracy Precision Recall F1-Score

SLP

SGD 0.9547 0.9548 0.9547 0.9547
AdaGrad 0.9508 0.9509 0.9508 0.9508

SGDM 0.9669 0.9671 0.9669 0.9670
RMSProp 0.9458 0.9460 0.9458 0.9459

ADAM 0.9633 0.9634 0.9633 0.9634
Ours 0.9789 0.9789 0.9789 0.9789

MLP

SGD 0.9186 0.9197 0.9186 0.9189
AdaGrad 0.8858 0.8893 0.8858 0.8867

SGDM 0.9575 0.9575 0.9575 0.9574
RMSProp 0.9278 0.9280 0.9278 0.9278

ADAM 0.9553 0.9558 0.9553 0.9553
Ours 0.9456 0.9499 0.9456 0.9466

CNN

SGD 0.9372 0.9368 0.9372 0.9369
AdaGrad 0.9581 0.9579 0.9581 0.9579

SGDM 0.9208 0.9204 0.9208 0.9204
RMSProp 0.9556 0.9554 0.9556 0.9554

ADAM 0.9603 0.9601 0.9603 0.9601
Ours 0.9633 0.9640 0.9633 0.9631

LSTM

SGD 0.5558 NaN 0.5558 NaN
AdaGrad 0.5619 0.4754 0.5619 NaN

SGDM 0.5608 NaN 0.5608 NaN
RMSProp 0.5600 NaN 0.5600 NaN

ADAM 0.5583 NaN 0.5583 NaN
Ours 0.3042 NaN 0.3042 NaN

models’ performance. The results are summarized in Table 7. This study
ocuses on highlighting how the proposed method outperforms the
thers, with a detailed discussion of each performance metric for the
ifferent neural network models tested: SLP, MLP, CNN, and LSTM.

Accuracy comparison. The proposed method with the Gauss–Newton
custom optimizer demonstrated superior accuracy across all neural
network models evaluated. As presented in Table 7, the accuracy
metrics reveal that our method consistently achieves the highest ac-
curacy rates. For instance, in the SLP model, our method achieved an
accuracy of 0.9789, significantly outperforming Adam (0.9633) and
SGDM (0.9669). This trend is also observed across other models, with
the CNN model reaching an accuracy of 0.9633 with the proposed
method, compared to 0.9603 with Adam and 0.9372 with SGD.

Precision analysis. Precision is crucial for evaluating model perfor-
ance, particularly in classification tasks where false positives can

e costly. The proposed method showed notable improvements in
recision. For instance, the proposed method in MLP model achieved
 precision of 0.9499, whereas Adam and SGDM achieved 0.9558

and 0.9575, respectively. This demonstrates that the proposed method
ffectively reduces the occurrence of false positives, leading to more

reliable model predictions.

Recall analysis. Recall, which measures the ability of the model to iden-
ify all relevant instances, also saw significant enhancement with the
roposed method. In the CNN model, the proposed method achieved a
ecall of 0.9633, compared to Adam’s 0.9603 and SGDM’s 0.9208. This
mprovement is particularly beneficial for applications where missing
 a
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a positive instance can have severe consequences, highlighting the
obustness of the proposed method.

F1-score analysis. The F1-score, which balances precision and recall,
further highlights the efficiency of the proposed method. Across all
models, the F1-scores were consistently higher with the proposed

ethod. For example, the SLP model achieved an F1-score of 0.9789
ith the proposed method, surpassing Adam’s 0.9634 and SGDM’s
.9670. This indicates that the proposed method not only enhances the
etection of positive instances but also maintains a balance between
recision and recall, making it highly effective for classification tasks.

The superior performance of the proposed method can be attributed
o its effective handling of the optimization landscape, allowing for

more precise adjustments in the weights of the neural networks. This
results in faster convergence and lower generalization error. The consis-
tent improvements across different metrics and neural network models
underscore the robustness and versatility of the proposed method.
Moreover, the enhanced accuracy, precision, recall, and F1-scores val-
idate the efficacy of the proposed method in producing reliable and
accurate classification results, making it a valuable tool for tasks that
require high performance.

However, it is important to note that the proposed method’s per-
formance in the LSTM model was notably lower, with an accuracy of
0.3042. This discrepancy suggests that the Gauss–Newton optimizer
may need further refinement or adjustment when applied to recurrent
neural networks, particularly for complex sequential data. This area
warrants further investigation to enhance the optimizer’s applicability
across a broader range of neural network architectures.

5.5. Further discussion

By far, the proposed models have shown good performances on SLP,
LP, and CNN models. Evaluating the performance of each optimizer

cross all neural network models reveals that QRGN achieves the
est performance in terms of accuracy, precision, recall, and f1-score,
articularly on the SLP model. However, we also recognize that the
roposed model requires high computational runtime to train in every
odel, including SLP.

The significant computational time in the second order optimization
is caused by calculating the Jacobian matrix at each iteration for
weight updates. The Jacobian matrix calculation needs to evaluate the
radient of the loss function with respect to all parameters in the batch
ize. Even by using the automatic differentiation method, the proposed
odel finds it hard to compute the entries of the Jacobian matrix

imultaneously (very heavy computation).
To address the above issues, we re-evaluated the gradient derivation

n the SLP by implementing the Jacobian matrix construction from the
roposed optimization method. To know how efficient the proposed
ethod, we analyze the computational complexity. Given an SLP with

nput 𝐱, weights 𝐰, and bias 𝑏, the output 𝐲̂ is computed as:

𝐲̂ = 𝜎(𝐱 𝐰 + 𝑏)

with 𝜎 is the activation function. Typically, a softmax function is used
s it fits for multi-class classification tasks. The loss function , such
s: cross-entropy, is defined as:
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Table 8
The computational time required by autodiff and gradient formulas to train the SLP.

Optimization method Accuracy Epoch Computational time (s)
Train Test By Autodiff By Eq. (11)

SGD 0.9800 0.9547 197 3,235.48 367.49
AdaGrad 0.9850 0.9508 307 5,708.66 356.30
SGDM 0.9800 0.9669 48 832.63 116.11
RMSProp 0.9750 0.9458 48 882.72 122.23
Adam 0.9750 0.9633 43 790.81 126.58
Ours 0.9821 0.9789 22 2,907.85 10.92

(𝐲̂, 𝐲) = − 1
𝑁

𝑁
∑

𝑖=1

𝐾
∑

𝑘=1
𝑦𝑖𝑘 log(𝑦̂𝑖𝑘)

To optimize the weights 𝐰, the gradient of the loss function w.r.t. 𝐰 is
equired:
𝜕
𝜕𝐰

= 𝜕
𝜕𝐲̂

⋅
𝜕𝐲̂
𝜕𝐳

⋅
𝜕𝐳
𝜕𝐰

with 𝐳 = 𝐱 ⋅𝐰+𝑏. For the Jacobian matrix 𝐴, each element is the partial
derivative of the loss function w.r.t. each parameter:

𝐴𝑖𝑗 =
𝜕𝑖
𝜕 𝑤𝑗

.
Intuitively, the computation is very costly as it needs to calculate

he element-wise on the Jacobian matrix or element-by-element. Hence,
his study leverages factorization matrix. For instance, the gradient of
he chain rule is transformed into a vectorized form, as follows:

∇𝐰 = 𝐱⊤ (𝐲̂ − 𝐲) (11)

Further step modifies the calculation of Eq. (11) by considering the
entire batch instead of individual instance. Accordingly, Eq. (11) is
olved using the vectorized gradient approximation. For a batch size
, the Jacobian matrix 𝐴 for each sample can be combined to form a

batch Jacobian matrix. At the final step, the optimized Jacobian matrix
is substituted in the QRGN optimization loops to ensure the matrix
operations are compatible with the existing QRGN implementation. As
the outcomes, the computational time can be reduced significantly.
Also, it maintains the high predictions. Therefore, the proposed method
is more practical in real-world applications due to its efficiency.

Table 8 compares the computational time required by the automatic
differentiation method and the optimized gradient formula method
or training the SLP model. Results in Table 8 clearly show that the

optimized gradient formulas significantly reduce the computational
time required to train the SLP model. This optimization brings the
QRGN method’s computational time closer to that of baseline optimiz-
ers, making it a more feasible option for practical applications while

aintaining superior performance metrics.
Furthermore, employing auto-differentiation to compute the gradi-

nt took significantly longer than using the gradient formula across
ll methods. We recommend utilizing the gradient formula, as it is
ore efficient for gradient computation in the context of second-order

ptimization methods. From the test results, the proposed method
utperforms first-order ones in achieving the desired accuracy, even
hough the number of iterations varied among methods. On the other
and, it is confirmed that the computational time of our proposed
ethod is 34, 33, 10, 11, and 11 times faster than SGD, AdaGrad,

GDM, RMSProp, and Adam, respectively. These results underscore
he significant efficiency of using the gradient formula for gradient
omputation over auto-differentiation, particularly for the second-order
ethod.
12 
6. Conclusion

In this study, we propose an efficient second-order optimization
ethod by integrating Gauss–Newton and QR factorization into neural
etworks for classifying SARS-CoV-2 variants given its spike protein se-
uences. The proposed method is called QR-GN. The proposed method
as evaluated from public datasets for SARS-CoV-2 protein sequences.
he evaluations are compiled in three series based on accuracy, run

time, and memory usage within different NNs, as well as optimization
techniques.

The first series shows that the proposed method adapts very well to
various NNs by predicting the SARS-CoV-2 variants more accurately
than the baseline optimization methods. In the second series, the
proposed method significantly boosts the learning process by having
the fastest convergence and computational time for most NNs. The third
series is mainly focused on second-order optimization method compar-
isons, where the proposed method can dramatically reduce memory
usage. Further investigations on recurrent neural network types are
needed as they showed unstable performances in a few moments.
Yet, the proposed model successfully worked on complex biological
sequences efficiently with high accuracy.

Future directions of this study can be explored on further derivation
for more diverse neural networks especially for sequence-based models,
omputational efficiency methods on Gauss–Newton optimization, and
ybrid optimization approaches. Moreover, the proposed model can
lso be applicable to wider applications such as mutation prediction,

activity recognition, and smart manufacturing.
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