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Abstract. Research topics on graph associated with a group are subject of much investigation
today as well as research topics on the spectra of graph. However, research on the adjacency
spectrum of subgroup graph of dihedral group is not reported yet. By this reason, we
determined the adjacency spectrum of subgroup graphs of dihedral group and their
complements.

1. Introduction

Let G be a graph of order p and A(G) be adjacency matrix of G. The characteristic polynomial of
A(G) is p(1) = det(A(G) — AI). The roots of p(1) = 0 are called eigenvalues of A(G). If all ei-
genvalues of A(G) are integer then G is called integral [30]. The collection of all distinct eigenvalues
of A(G) together with their multiplicities is called the adjacency spectrum of G [10]. The adjacency
spectrum of graph is also called A-spectrum of G [16].

Previous research on adjacency spectrum of several graphs has been reported. The adjacency
spectrum of complete multipartite graph [5], corona G;°K,; m» [14], traffic network [24], lollipop
graphs [20], graph Gl [32], neighborhood corona of graph [19], coalescence of complete graphs [22]
and graphs with pockets [15] have been observed and determined.

Graph can also be obtained from a finite group, for example commuting graph [7][13][25][29][31],
non-commuting graph [1], conjugate graph [18], Cayley graph [21][26][27] and invers graph [6].
Anderson, Fasteen and Lagrange [8] introduced the concept of graph obtained from the group called
subgroup graph. For a finite group G and a subgroup H of G, the subgroup graph I'y(G) of G is a
directed graph with vertex set G. Kakeri and Erfanian [23] explained that if is normal subgroup in G,
then the subgroup Ty (G) graph of G is an undirected graph. This implies that the complement of
subgroup graph I'y (G) is also undirected graph.

Several research on the adjacency spectrum of a graph obtained from a group have been reported.
Abdussakir, Elvierayani and Nafisah [4] investigated the adjacency spectrum of commuting and non-
commuting graph of dihedral group. Abdussakir [2] also investigated the adjacency spectrum of
conjugate graph of dihedral group. Because the adjacency spectrum of subgroup graphs of dihedral
group has not been determined yet, we conducted this research. The main objective of this research is
to determine the adjacency spectrum of subgroup graphs of dihedral group and their complements.
The adjacency energy of these graphs also discussed in this paper.
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2. Literature Review

Graph G is a pair (V(G), E(G)) where V(G) is finite non-empty set of objects called vertex and E(G)
is the set (possibly empty) of unordered pairs of different vertexs in V(G) called edges. The number
of elements inV(G) is called the order of G and is denoted by p, and the number of elements in
E(G) is called the size of G and is denoted by q. We denoted uv for (u, v) in E(G). The complement
of graph G, written by G, is a graph with vertex set V(G) such that two vertices are adjacent in G if and
only if those two vertices are not adjacent in G. Thus, V(G) = V(G) and uv ¢ E(G) if and only if
uv ¢ E(G)[3].

A graph G is said to be a complete graph if any two distinct vertices in graph G are adjacent. A
complete graph of order n is denoted by K,,. A graph G is bipartite if V(G) can be partitioned into
two sets (called partition sets) V; and V, so that every edge of G joins a vertex of V;and a vertex of
V,. A graph G is complete bipartite if G is bipartite and for every u € V; and u € V,, then uv € E(G).
If [V;] = m and |V,| = n, then this complete bipartite graph is denoted by Ky, ,. For more general, let
k be positive integer and k > 1. A graph G is said to be a complete multipartite if V(G) can be
partitioned into k partition sets V;,V,, ..., Vi so that every edge of G joins vertices in different
partition set and two vertices are adjacent if and only if the vertices belong to distinct partition sets
[12]. If [V;| = m; for 1 "1 i [ k, then this complete multipartite graph is denoted by Ky, m,. . my-

Suppose G graph with order p(p = 1) and size q and vertex set V(G) = {vq, vy, ...,vp}. The
adjacency matrix of graph G, denoted by A(G), is the (p X p) matrix A(G) = [a;] where a;; = 1 if
vivj € E(G) and aj; = 0 if viv; € E(G) (Chartrand et al. 2016). The characteristic polynomial of A(G)
is p(A) = det(A(G) — Al), where | is (p X p) identity matrix. The roots of p(A) = 0 are called
eigenvalues of A(G) [22]. Because A(G) is a real symmetric matrix then all eigenvalues of A(G) are
real [11] and can be ordered by A; = A, > --- = A;,. The adjacency energy of G is defined by E5 (G) =
Yo IAl o [91[28].  Let Ay, >4y >-->A, are distinct eigenvalues of A(G) and
m(A,;), m(A,), ..., m(A,r), are corresponding multiplicities of (A,/). According to Yin [32], the
adjacency spectrum of G is defined by

Ay, Ao o Ay
spec(A®) =4 my) -~ mi,) )

Let G be a finite group and H a subgroup of G. Let Ty (G) be the directed graph with vertex set
G such that x is the initial vertex and y is the terminal vertex of an edge if and only if x # y and
xy € H. Furthermore, if xy € H and yx € H for x,y € G and x # y then x and y will be regarded as
being connected by a single undirected edge. Thus, we get the graph I'y; (G) which has no loops or
multiple edges. The graph [';(G) is called the subgroup graph of G [8]. Kakeri and Erfanian [23]
explain that the subgroup graph I';(G) is clear of its existence when H is the normal subgroup of G. If
H normal subgroup of G, xy € H then will imply that yx € H. Thus, I';(G) and its complement is
an undirected simple graph when H is normal subgroup of G.

The dihedral group is a group of the sets of n-symmetry, denoted D,,,, for any positive integers n
and n > 3. Since dihedral groups will be used extensively along this paper, it will take some notation
and some computation that can simplify the next calculation and help observe D,,, as abstract
group, that is:

() 1,7,72%, .., r" L are distinct and |7| = n.

@) Isl=2

(3) s = rtforalli.

4) srt#sr/ for all 0<ijsn-1 with I+ . Then,
Dyp = {1,7,7%,...,7™ 5,571,512, ..., 5™ 1} and each element can be written s*r¢ for k = 0
orland0<i<n-1.

(5) sr=r"1ls.

(6) sri#sr/forall0 <i<n[l7]
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For odd n, all normal subgroups of D,,, are (1), (r®) for all d dividing n and D,,, itself. For even n, all
normal subgroups of are (1), (r%) for all d dividing n, (r?, s, (r?,rs) and D,,, itself.

3. Results and Discussion
The followings are our main results on the adjacency spectrum of subgroup graph of dihedral group
and their complement. We also present their adjacency energy as additional results.

Theorem 3.1: The adjacency spectrum of subgroup graph Uiy(D2y) of dihedral group D,y for
positive integer n andn = 3 is

spec (A (F<T>(D2”))) =" ' 2n ! 2]

Proof: For n =3, we have that normal subgroup (r) of dihedral group D,, is (r) =
{1,7,7%, ..., 7™ 1}. According to the definition of subgroup graph, we have the subgroup graph
[(ry(D2y) is disconnected graph with two components. The first component is complete graphs K,
with vertex set {1,7,72,...,r™ 1} and the second component is complete graphs K,, with vertex set
{s,sr,sr?,...,sr™ 1}, Hence, the adjacency matrix of [y (D2y) is

A(F(r)(DZn)): g 8

where Q = [q;;] is (n X n) matrix where g;; for i # j and q;; = 0 for others and O is (n X n) zero
matrix. The characteristic polynomial A (F(r) (DZn)) is equal to det (A (F <r>(D2n)) — A ) Performing

Gaussian elimination on A (F(r) (DZn)) — Al, we get the following upper triangular matrix

D> A-1DA+1D
0O ~7 71 -2+
0 0 T a1 - f
l : : . N /1—(n—1)(/1+1)J
0 P
Accordingly, det (A (F(T) (DZn)) - Al ) is the multiplication of the main diagonal elements of this

upper triangular matrix. Thus, the characteristic polynomial of A (F<r>(D2n)) is

P =(A—(-1) A+ 1>
Let p(4) = 0. We obtaine the eigenvalues 1; = (n — 1) and A, = —1 and their multiplicity m(4,) =
2 and m(4,) = 2n — 2, respectively. Thus, the adjacency spectrum of subgroup graph [(;-y(Dy;,) for
positive integer n and n > 3 is

spec (A (F(r)(DZn))) = [n ; ! Zn_E 2]

Corollary 3.1: The adjacency energy of subgroup graph Tiy(D,y) of dihedral group D,y for
positive integer n andn = 3 is

Ea (T (D2n)) = 4(n = 1),
Proof: From Theorem 3.1, we have E (r(r) (DZn)) =2(n—1)+2n - 1)) = 4(n— 1).

Theorem 3.2: The adjacency spectrum of complement of subgroup graph Tyy(Day) of dihedral
group Doy, for positive integer n and n = 3 is

spec (A(m)) = [711 Zno_ 2 _1n]
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Proof: Based on the proof of Theorem 3.1, the complement of subgroup graph m is a
complete bipartite graph K,, with the partition sets Vi ={1,r7r%..,r" '} and
V, = {s,sr,sr?, ..., st 1}. So, the adjacency matrix of Ty (Dyy,) is as follows.

AT D) =[5 ]
where T is (n Xn) ones matrix and O is (n Xn) zero matrix. Using Gaussian elimination on
A(W) — Al we obtaine the following upper triangular matrix

[-2 1

o 7 |
0 0o -1 :

| : : = /1(/12 —n?) |

l 0 0 0 - —53— 7 = )J

Then, the characteristic polynomial of A(T <r>(D2n)) is
p(A) = A—n)A?"" (A +n)
By setting p(1) =0, we obtaine the eigenvalues A; =n,A, =0 and A3 = —n and their
multiplicity m(4;) = 1, m(4,) = 2n — 2 and m(43) = 1, respectively. Thus, the adjacency spectrum
of subgroup graph I, (D,,,) for positive integer n and n > 3 is

spec(A(F(r)(Dzn))) 1 2n0 2 —1"]

Corollary 3.2: The adjacency energy of subgroup graph Tyy(D,y) of dihedral group Dy, for
positive integernand n = 3 is
EA(F(r) (DZn)) =2n
Proof: From Theorem 3.2, we have E4(Ty(D2,)) = 1n| + 2(n — 1)|0] + 1|-n| = 2n

Theorem 3.3: The adjacency spectrum of subgroup graph [},z(D;) of dihedral group D,,, for

evennandn = 4 is
n—2 1
spec (A (F<rz)(D2n))) = [ 2 - ]
4 2n—4
Proof: For even n and n =>4, the subgroup (r?) of dihedral group D,, is(r?)=

{1,7%,...,7"7%}.  According to the definition of subgroup graph, then the subgroup graph I;2y(Ds,,)

is disconnected graph that consists of four complete graphs K, /, as its components. The vertex set of
these four components are {1,72,..,7" 2} {r,r3,..,r" 1}, {s,sr?, ..,sr™ 2} So, the adjacency
matrix of [;.2y(Dsy,) is as follows.

0 01 .. 0000 _ O
0 0 0 100 0 0
10 0 0000 0
010 0000 ™ 0
A(F“Z)(DZ”))ZO 0 0 00 0 1 0
0 0 0 000 0 1
0 00 0100 0
o oo 0010 o

Using Gaussian elimination on A (F(rz>(D2n)) — Al we obtaine the following upper triangular matrix.
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-1
0 & oa-na+n :
a . n—2
Do A C A=A+
O O . cee - n — 4
0 —
| A 2
Thus, the characteristic polynomial of A (F<rz>(D2n)) is
n n—2\*
() = (D2 (A-"55) @+ >

By setting p(4) = 0, we obtain the eigenvalues 4; = nT_Z and 1, = —1 and their multiplicity

m(4;) =4 and m(1,) = 2n — 4, respectively. Thus, the adjacency spectrum of subgroup graph
[(42y(Dap) forevennandn = 4 Is

n—2
spec (A (F(rZ)(DZn))> = [ 121‘ : -1 4]
n—

Corollary 3.3: The adjacency energy of subgroup graph I,.2y(D2y) of dihedral group Dy, for even
nandn = 4 is

Ex (T2 (D2n)) = 4(n = 2)
Proof: From Theorem 3.3, we have E, (F(rz)(DZn)) =4 |n7_2| +2n—-2)|-1|=4(n—-2)

Theorem 3.4: The adjacency spectrum of complement of subgroup graphT2y(D2y) of dihedral

group Dy, for evenn andn = 4 is
3n

- > 0 -
spec (A(F(TZ)(DZn))) =2 ,,_4 2

1 3
Proof: From the proof of Theorem 3.3, then the complement of subgroup graph I(;2y(Dy,) of

dihedral group Dy, is complete multipartite graph Ky /5 n/2n/2n/2- Therefore, the adjacency matrix

[2)(D2y) is as follows.

0 1 0 ... 1 1 1 1 .. 17
1 0 1 0 1 1 1 1
01 0 11 11 1
—— |1 01 01 1 1 1
A @) =1 4 4 1010 1
1 1 1 11 0 1 0
1 11 1 0 0 O 1
1 11 1010 o
Using Gaussian elimination on A(F(rz)(DZn)) — Al we obtaine the following upper triangular matrix.
-1 12-1
8 2 _/1—(12 —2) 37:1 n
: 0 Y A=A +3)
: : . = 7
0 0 0 Az—nl—(gn - 6n>

Thus, the characteristic polynomial of A(F(rZ)(DZn)) is
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2n-4 3

- n—

p(d) = (/1 )/1 (/1 + 2)

By setting p(1) = 0, we obtaine 1; = —2 21, =0 and A3 = —% and the multiplicity m(4;) =

1,m(A;) = 2n — 4 and m(4;) = 3. So, the adjacency spectrum of subgroup graph of I;-2y(D,y,) for
evennandn = 4 is

- 3n 0 n
spec (A(F(rz)(DZn))) =2 o — 4 2]
1 3

Corollary 3.4: The adjacency energy of subgroup graph Ty2y(Dyy,) of dihedral group Doy, for even
nandn = 4is

EA(F(rZ)(DZn)) =3n
Proof: From Theorem 3.4, we have Eq(Tyr2y(Dzn)) = 1[5 + 2(n = 2)I0] + 3[5| = 3n

Theorem 3.5: The adjacency spectrum of subgroup graph T,z 4,(D2y) of dihedral group Dy, for

evennand n =>4 is
spec (A (F@«z,s)(Dzn))) [ 5 on— 2]

Proof: For even n and n =>4, the subgroup (r ,s) of dihedral group D, is (r?,s) =
{1,2,...,7""%,5,s1%, ..., sr™"?} . Therefore, the subgroup graph I}, (D,,,) of two complete graphs
K, as its component. The first component with vertex set {1,7%,...,s5,s7%, ..} and the second with
vertex set {r, ...,7™"1,s7, ..., st 1}. And then, the adjacency matrix T2 5(D27) is as follows.

0 0 1 .., 0 1 0 1 ..
o 00 ..1010 .. 1
$T 00 - 01041 - 0
_lo 10 0010 1
AT 0n)) = 101 000 1 0
010 1 0 0 O 1
10101000
o1 0 1010 o
Using Gaussian elimination on A(F(rz,s)(DZn)) — Al we obtaine the following upper triangular
matrix.
—A
0 _G-na+D _
[s ; A (A—(n—'1))(,1+1)J
o 0 0 A—(n—2)

Thus, the characteristic polynomial A (F(rz,s) (DZn)) is

P = (21— (-1) @+ D27
By setting p(4) = 0, we obtaine the eigenvalues 44 =n —1 and A, = —1 and their multiplicity
m(A,) = 2 andm(4,) = 2n — 2, respectively. Therefore, the adjacency spectrum of subgroup graph
2 5y(D2y) forevennand n > 4 is

spec (A (F<szs)(D2n))) [ N om — 2]
Corollary 3.5: The adjacency energy of subgroup graph T2 5y(D2n) of dihedral group Doy, for

evennandn = 4 is
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Ex (T (Dan)) = 4(n — 1)
Proof: From Theorem 3.5, we have E, (F(rz,s)(DZn)) =4n—-1|+2n—-1|-1|=4(n—-1)

Theorem 3.6: The adjacency spectrum of complement of subgroup graph T2 g,(Dyy)of dihedral

group Dy, for evenn andn = 4 is
_— n 0 —n
spec (A(F(rz'”(DZn))) = [1 om—2 1
Proof: According to the proof of Theorem 3.5, the complement of subgroup graph IY,2 ¢y (D3p,)
is a complete Dbipartite graph K, with partition sets V3 = {1,7% ..,s,s7%, ..} and V, =

{r,...,r™ 1, sr, ..., sr™ 1. Thus, the adjacency matrix of [\;2 5,(D,p,) of is a follows.
0 1. 0 .. 1 0 1 0 .. 17
1 01 .. 0101 ., 0
o1o0 - 10160 -1
{1 0 1 010 1 0
ATz D)) =1 1 1010 1
1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
1 01 010 1 o
Using Gaussian elimination on A(F(rz,s) (D45)) — Al we obtaine the following upper triangular matrix.
-1 12-1
0T e m T
2 _ .
l : O /1 : 1 . 1(12 _ le) J
0 0 0 — (le — n)

Thus, the characteristic polynomial of A(T, <r2,5>(D2n)) is

p(D) = A—m)A*"2(A +n)
By setting p(1) = 0, we obtaine the eigenvalues 1; = n,1, = 0 and 13 = —n and their multiplicity
m(1,) = 1,m(4,) = 2n — 2 and m(4A3) = 1, respectively. So, the adjacency spectrum of subgroup
graph [z ¢(D,y,) for even nand n > 4 is

spec (A(F(rz,s)(DZn))) = [111 2n0— ) —1n

Corollary 3.6: The adjacency energy of subgroup graph T,z ¢(Dy) of dihedral group Dy,  for
evennandn = 4 is
EA(F(rz,s)(DZn)) =2n
Proof: From Theorem 3.6, we have EA(F(TZ,S)(DZn)) =1|n|+2(n—-1)|0| + 1|—-n| = 2n

Theorem 3.7: The adjacency spectrum of subgroup graph T,z .¢\(D2y) of dihedral group Dy, for

spec (A (F(rz’rs)(DZn))) [ N o — 2]

Proof: For even n and n = 4, the normal subgroup (r?,rs) of dihedral group D,, is
(r2,rsy = {1,7%, .., 7" 2,sr,s7r3, ..., st 1} According to the definition of subgroup graph, then the
subgroup graph [},2 .y(Dyy) is disconnected graph with two complete graphs K, as its component.
The first component has the vertex set {1,7%,...,s7,..,sT™ '} and the second component has the
vertex set {7, ...,7" "1, 5,57, .... So, the adjacency matrix of T2 5y (Dap) is as follows.

evennandn = 4 is
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0 0 1 0 01 0 1
0 0 O 1 1 0 1 0
1 00 0 010 1
_lo 10 010 1 0
AT (Dan)) = 01 0 100 1 0
1 0 1 0 0 0O 1
0 1 0 1 1 0 0 0
1 0 1 0010 o
Using Gaussian elimination on A (F(szs)(DZn)) — Al we obtaine the following upper triangular
matrix.
[-2 - ]
10 3 _@-na+y ) |
;o A © (- (- 1)+ D)
lo O 0 - (n—2)

Thus, the characteristic polynomial A (F(szs)(DZn)) is

P = (- (- D) A+ 1)
By setting p(4) = 0, we obtaine the eigenvalues 44 =n —1 and A, = —1 and their multiplicity
m(1;) = 2 and m(4,) = 2n — 2, respectively. Hence, the adjacency spectrum of subgroup graph
T2 15 (Dap) forevennand n = 4 is

spec (A (F(rz,rs)(DZn))) [ N on — 2]

Corollary 3.7: The adjacency energy of subgroup graph [,z .., (D,,) of dihedral group D,,, for
evennandn > 4is

E4 (r(rZ,rs)(DZn)) =4(n—-1)
Proof: From Theorem 3.7, we have E, (F(rz,rs) (DZn)) =2ln—1|+2(n—-1|-1]|=4(n—-1)

Theorem 3.8: The adjacency spectrum of complement of subgroup graph T2 ,.y(Dap)of dihedral
group Dy, for even nandn = 4 is

spec (A(Ty2 e Dan)) =[] zno—z 1]

Proof: Based on the proof of Theorem 3.7, the complement of subgroup graph T2, rs)( (DZn) 1sa
complete  bipartite graph K, with partition sets Vi = ={1,7% ...,s1, .., s} and

Vo ={r,..,m"" 15,572, ..., st "2}, So, the adjacency matrix of [jy2 gy (D,y,) is as follows.
0 1. 0 .. 1 1 0 1 .. 0
1 01 .., 0 0 10 1
o 10 -1 1 0 1 0
|10 1 0010 1
ATr2r @) =7 4 0010 1
0 1 0 1 1 0 1 0
1010010
010 110 1 o

Using Gaussian elimination on A(F(rZ,rs)(Dzn)) — Al we obtaine the following upper triangular
matrix.
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-1 ,1.2”_1 ]
0 TTa _Aw-y

I[ : 0 /12:—1 /1(/12'—7'12) JI
0o g o T TE-wm

Therefore, the characteristic polynomial of A(T, <r2,rs)(D2n)) is

p(A) = @A —-n)A?" (A +n)
By setting p(1) = 0, we obtaine the eigenvalues 4; = n,4, = 0 and A3 = —n and their multiplicity
m(1,) =1,m(1,) =2n—2 and m(A3) =1, respectively. Hence, the adjacency spectrum of
subgroup graph [,z 5, (D,y) for evennandn > 4 is

spec (A(F(szS)(DZn))) = [711 2n0— ) —1n

Corollary 3.8: The adjacency energy of subgroup graph Ty2 »5,(D2y) of dihedral group Doy, for
evennandn = 4 is

EA(F(rz,rs)(DZn)) =2n
Proof: From Theorem 3.8, we have EA(F<r2,rs)(D2n)) =1|n|+2(n—1)|0] + 1|-n| = 2n

4. Conclusion

We have determined the adjacency spectrum and energy of subgroup graph of dihedral group D,,, and
their complement for normal subgroups (), (r?), (r?,s) and (r*rs). We found that the subgroup
graphs and their complements are integral for these normal subgroups. According to this result, we
proposed the following open problem.

Problem: Is the subgroup graph Ty (D2n) of dihedral group Dan integral for any normal subgroup H
of Dyp ?

For the further research, the adjacency spectrum of other graphs associated with dihedral group or
other groups is needed to be observed.
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