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Optimal Design of a Revised Double Sampling X Chart Based on Median Run Length
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Abstract: In process control, it is very important to have a tool that is able to detect small shifts of a process
mean. The revised double sampling X chart is more effective than a standard Shewhart chart in detecting small to
moderate shifts of a process mean. To optimize this type of chart, the average run length is widely used because of
its simplicity and consistency. Nevertheless, the skewness of the run length distribution changes along with the
process mean shift. Furthermore, its average is confusing and not necessarily a good representation of control chart
performance. Because this distribution is highly right-skewed, especially when the shift is small, it is argued that its
median provides a more intuitive and fair representation of the central tendency of the distribution. Based on an in-
control median run length and average sample size, this paper investigates the behavior of control limit parameters
to obtain the optimal parameters with a minimized out-of-control median run length. The parameters obtained were
used to construct an example of this chart that was illustrated with real data.

Keywords: median run length, process mean shift, revised double sampling X chart, run length distribution.

BT EIFERKENEBENME X BfRbEiRit

RE R EG, BE gl dESEM N ECHNTEIFEER, BUERN
X X EERNERHER/N S PET A ERERGREREE R, AT MR
BEZ%, FHORERERESSUEM MM ZER, A, TEKESTNRER
BEAERDEREMEL, A, EHFHESARZ, T—ERRFMAKREFNRMLEE, K
AX N ESEARN, HEIRBENN, EANACHNFRUBRETHORERBER
RSEEMA A FRIRR, ASCE TG P AIBUFR REMFIIHEARRN, HIREH RS8N
TR, LBRREER/NRETUHBEERENKES Y. RENSBATHEZERIR
, BRPIRE SRR ITIRA,

*8i8  PESTRKE. ZRHERS. BEXME X B, STKES .,

1. Introduction process mean shifts in industrial applications.

Statistical process control (SPC) is a collection of ~ However, the weakness of this chart is that it is less
powerful problem-solving tools to improve process sensitive in detecting small and moderate shifts of a
capability and achieve process stability [1]. Here, a ~ Process mean. _ _
control chart is one of the most useful techniques to To overcome this problem, Daudin [2] proposed a
reduce variability in key parameters and produce  double sampling (DS)-X chart, which is a modified
conforming products. The Shewhart X chart is a Shewhart X chart that incorporates double-sampling
popular chart that is extensively used to detect large ~ Plans. This chart combines the ideas of a variable
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sampling interval (VSI) and variable sample size
(VSS). Unlike a VSI, in the DS procedure, two
successive samples are taken without any intervening
time. It means that the first and second samples of the
DS chart are taken from the same population.

Daudin [2] proposed an optimization model to
minimize the in-control average sample size (ASSy),
while Irianto and Shinozaki [3] constructed an
optimization model to minimize the out-of-control
average run length (ARL:). Many researchers are
rapidly developing DS methods because they
outperform other Shewhart, exponentially weighted
moving average, cumulative sum, VSI, and VSS charts
[4], [5]-

Furthermore, Irianto [6] proposed a revision of the
DS-X chart by eliminating the out-of-control limit for
the first stage of sampling. As the result, the out-of-
control process can only be determined after the second
stage of sampling. This elimination was carried out
because the optimization proposed by Daudin [2]
produced an out-of-control limit after a first sample as
high as 3.6 standard deviations. In many manufacturing
companies, a high out-of-control limit is meaningless
because the opportunities for an out-of-control
condition are very small. Consequently, based on its
power, the revised DS-X chart turns out to be more
efficient than the original one.

The ARL has been commonly used as a single
measure of a chart’s performance. However, sole
dependence on the ARL is potentially confusing and
has been criticized by some researchers [7], [8], [9],
[10]. Because the skewness of the run length (RL)
distribution changes along with the process mean shift,
an interpretation based on ARL alone could be
misleading in evaluating a control chart’s performance.
However, the median run length (MRL), as an
alternative, is a more accurate measure of a chart’s
performance because it is less affected by the skewness
of the RL distribution [11], [12], [13].

For example, if the revised DS-X chart with the
selected parameters has an in-control ARL (ARL,) of
370 and the in-control MRL (MRL,) is 256, this means
that about 63% of all the RLs were less than 370, while
about 50% of all the RLs were less than 256. In other
words, a practitioner can claim that a false alarm will
occur by the 256th sample in half of the time.
Moreover, when the revised DS-X chart with the
parameters stated above has an out-of-control MRL
(MRLy) of 19 at shift 6 = 0.4, it means that for this
particular shift, there is a 50% chance that an out-of-
control signal will be produced no later than the 19th
sample.

The MRL is considered an alternative performance
criterion to design control charts, as mentioned in the
recent literature. For example, Teoh et al. developed an
optimal design of MRL-based DS-X control charts in
the case of known and estimated parameters [14, 15]
and investigated the optimal design of an MRL-based

VSS-X chart [16]. Furthermore, You et al. [17] and
Qiao et al. [18] also contributed work in this area.

As mentioned, Teoh et al. [15] developed the
optimal design of an MRL-based DS- X chart by
Daudin [2] (Fig. 1); however, this paper proposes an
optimal design of an MRL-based revised DS-X chart
by Irianto [6] (Fig. 2). As previously explained, based
on Irianto [6], the revised DS-X chart uses two control
limits by eliminating the out-of-control limits for the
first stage of the DS-X chart. Therefore, this paper
proposes a procedure to estimate the control limit
parameters (i.e., L, and L,) of the revised DS-X chart
(Fig. 2) by minimizing the MRL. Furthermore, the
values of the optimal parameters obtained are presented
in tabular form, so that they can be used as a reference
by practitioners. Additionally, an application of the
revised DS-X chart is provided in a case study.

This paper is organized as follows. In Section 2, the
revised DS-X chart’s procedure and its RL properties
are briefly introduced. In Section 3, the main
contributions of this paper are presented, which are to
propose an optimization design for the revised DS-X
chart by minimizing the MRL and to provide an
optimal combination for the specific in-control MRL
(MRLo) and ASSy. The application of the optimal
revised DS-X chart based on the MRL is illustrated by
a case study in Section 4 through a resampling dataset
from a heavy equipment company. Finally, conclusions
are drawn in the last section.

2. The Run Length (RL) Properties
of the Revised DS-X Chart

Assume that the quality characteristics X are
independently and identically distributed by normal
N (ug, 09%) random variables, where u, and g,2 are the
in-control process mean and variance, respectively. Let
Iy = [-Ly, L], I; =R —1; = (=0, —L;) U (L1, +),
I3 = [—L,,Ly],and I, = (—o0,—L;) U (L,, +0). Here,
R is a set of real numbers, L; > 0 is the warning limit
based on the first stage and L, > 0 is the control limit
based on the second stage. Referring to Fig. 1, the
procedure of the Revised DS-X chart is as follows [6]:

(1) Givenn,ny, and n,, then determine L; and L.

(2) Take the first sample of size nq, X, ;, for j =
1,2,...,n; and the second sample of size na, X2, for
j=1,2,..,n, from process with mean value p, and
standard deviation a.

(3) Calculate the sample mean X; = Z’;;lej/nl.
Then calculate Z; = (X; — 1)1y /0.

(4) IfZ, €1, the process is considered to be in-
control, but if Z; € I,, then observe the second sample.

(5) Calculate the second sample mean X, =
Z;’;lej/nz and the total (combined) sample mean,
X = (X, + n,X,)/(ny +n,). Then calculate Z =
(X — po)vny +nz/0y.
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(6) If Z € I3, the process is considered to be in-
control. Otherwise the process is considered to be out-
of-control.

Let RL be the run length of the Revised DS-X chart.
Here, run length is the number of samples that must be
observed until the first out-of-control signal occurs.
Montgomery [1] stated that the RL distribution of a
Shewhart chart is geometric when the plotted statistics
are independently and identically distributed random
variables and the control limits are known constants.
Since the Revised DS-X chart could be viewed as a
two-stage Shewhart-X chart, thus, all the RL properties
of the Revised DS-X chart can be characterized by
geometric distribution.

Out-of-control (f3)

L
Take 2 second Qut-of-control
sample (I5) Lz
L
0 In-contrel (I'1) In-control (I,)
_Ll -
Take a second L
le (I B A
. A Qut-of-control

Out-of-control (f3)

(First Stage) (Second Stage)

Fig. 1 Graphical procedure of the DS-X chart. A second sample will
be observed when the statistics value plotted in interval I,

Take a second

Qut-of-control (I
sample (1) L ut-of-control (1)
R —

In-control (I;) In-control (I3)

Take a second —Lz

sample (1) Out-of-control (1)

(First Stage) (Second Stage)

Fig. 2 Graphical procedure of the Revised DS-X chart. A second
sample will be observed when the statistics value plotted in interval
L

Hence, the cumulative distribution function (CDF)

of RL, i.e., Fg; (£), is equal to
Fr () =P(RL <€) =1-p,}, 1)
where ¢€{1,23..} and pg =pg1 +Paz 1S the
probability in which the process is considered as in-
control. Here, p,; be the probability in which the
process is considered as in-control at stage k with k €
{1,2} where
Pa1 = P(Zy € I1]6)

= ®(Ly +8/n) )
— ®(=L, +8,/n,)
and

paz - P(Zl € IzandZ € [3'5)
= (1 = paa){®(L; + 6\/ny + 1)

- O(-Ly,+ 48 yny +ny)} @)

where & = |u; — pol/0y is the magnitude of the
standardized mean shift with the out-of-control mean
Uy, and @(.) is the CDF of the standard normal random
variable.

According to Equation (1), then the MRL of the
Revised DS-X chart is equal to [19, 20].

P(RL < MRL—1)

< 0.5 and P(RL < MRL) (4)
> 0.5.

Based on the Revised DS- X chart procedures,
Irianto [6] showed that the average sample size (ASS)
at each sampling time is equal to

ASS =ny +nyp, 5)

where
p2 = P(Z; € |6) =1 —pg;. (6)

3. Optimal Design of MRL-Based
Revised DS-X Chart

In this section, an optimal design of the Revised DS-
X chart is proposed. MRL value was used to evaluate
this chart’s performance. Suppose the out-of-control
MRL is called MRL, and the out-of-control ASS is
called ASS;, the proposed optimization is to minimize
MRL;(Sopt)- Here, 8,5 represents the size of a process
mean shift, for which an immediate detection is
required.

A control chart is considered to outperform its
competitors if it has the smallest MRL, value, when
MRL,, ASS,, and § are fixed. Similarly, the Revised
DS-X chart for optimally detecting the desired shift is
obtained when the optimal parameters giving the
lowest MRL, are identified from all the possible
(nq,ny), and (L4,L,) combinations. The model of
optimization is defined as follows:

min ~ MRL;(6opt) (7)

Nn1n5,L1,Lo

Subject to

i) MRL, = t, where 7 is the expected in-
control MRL;

ii) ASS, = n, where n is the expected in-
control ASS; and

iii)1<n, <n<ng+ny; <Nypax
Nmay 1S the upper bound of ny + n,.

Nmax = 15 IS set in this paper. The rationale behind
this is that small and moderate sample sizes have been
adopted in the industry.

The optimization of Equation (7) based on
Constraints (i)—(iii) is carried out for finding the
optimal combination of (n,,n,) and (L4, L,) using the
following procedure:

(@) Setthe desired 7,7, Ny gy, and &, Values.

(b) For each (nq,n,) pair selected based on
Constraint (iii), L, can be obtained using Constraint (ii)
and Equation (5), that is,

where
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— n{+2n,—n
Ly = o7t () (®)
where ®~1(.)is the inverse CDF of the standard
normal.

(c) For the fixed L, the value of L, is calculated
using Constraint (i), Equation (2), and Equation (3),
that is,

L,=07" (1 - ;) 9)
? 4{1 - ®(L,)}
Consequently, from step (b) and (c), a set of all

possible combinations (nq,n,) and (L4, L,) that satisfy
Constraints (i)—(iii) when &,,, = 0 are obtained,

(d) For any out-of-control condition (&, # 0),
find the optimal combinations (ny,n;) and (L4,L;)
that minimize MRL,(8,p.) from the set of parameter
combinations found in step (b) and (c). Since MRL is
an integer as the RL is a discrete random variable, there
may exist several optimal combinations (n,n,) and
(Ly,L,) for which the MRL, value is minimum at a
specific 8y, # 0.

(e) In such a case, the optimal combinations of
(nq4,my) and (L4, L,) having the smallest value of ASS;
are preferred.

Note that, mathematically, the optimization
procedure to estimate the control limit parameters of
the Revised DS-X chart is said to be more simple than
that of the DS-X chart because of MRL, and ASS,
values being fixed, given the pair of sample sizes
(nq4,my). The unique value of (L4, L,) will be obtained
on the Revised DS-X chart. While, on the DS-X chart,
an optimization procedure is needed to estimate the
three parameters of the control limit, so there are
several possible combinations for the values of
(L4, L, Ly). Consequently, in terms of calculation time
to perform optimization results, the Revised DS-X chart
is more efficient than the DS-Xchart. Nevertheless, the
weakness of the optimal design of the Revised DS-X
chart is that this chart could not detect the sample as an
out-of-control signal at the first stage, especially if
there are samples that are extremely not good in
process control, because the out-of-control limits have
been eliminated for the first stage.

The optimal combinations (n4,n,), (Ly,L,) and
their corresponding (MRL,, ASS;) values for different
combinations of MRL,, ASS,, and &,,, are shown in
the first, second, and third rows of each cell in Table 1.
These new optimal parameters facilitate the
implementation of the Revised DS- X chart for
practitioners, for example, considering a continuous
manufacturing process in which an immediate
detection is desired at a shift with 6,,, = 0.8. If
MRLy = 250 and ASS, = 3 are selected, Table 1
suggests using ( ny=2,n,=8) and (L=
1.5341,L, = 2.2878) as the optimal parameters to
detect such a shift. Based on the suggested parameters,
it means that 50% of the time, a shift with §,,, = 0.8 is
detected no later than the third sample (i.e., MRL, = 3)

and the chart requirements 4.7793 observations (i.e.,
ASS; = 4.7793) on the average to detect such a shift.
Additionally, as expected, Fig. 3 shows that the
sensitivity of the Revised DS-X chart increases in
detecting a certain shift as ASS, increases, especially
for the small shift. However, there is a note that this
chart has almost the same minimum MRL; value
regardless of the ASS, used for moderate and large
shifts (8opc = 1). These are some properties of the

Revised DS-X chart optimized based on MRL.

MRL1 value based on dopt
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Fig. 3 MRL, values of the Revised DS-X chart based on shift size
8opt Tor MRLy = 250, ASS, € {3,5,7}. MRL, values of this chart
are almost the same for moderate and large shifts (85, = 1)

4, Case Study

In this section, the optimal design of the Revised
DS-X chart is illustrated by applying it to real industrial
data associated with the sprocket packaging material
provided by a heavy equipment company. Sprocket
packaging is a process that uses bolts to place sprocket
gear onto a sprocket hole.

Here, for the confidentiality of the company’s data,
the resampled dataset for the torque measurement (in
kg/m) of bolts in sprocket packaging are considered
with an in-control mean and standard deviation of the
torque of uy = 52.2 kg/m and g, = 4.5, respectively.
The resampled dataset comprised 30 samples of size 9
(n; = 3 and n, = 6); measurements for the first 26
sampled times (t = 1 to 26) were generated based on an
in-control condition, while measurements for the
subsequent sampled times (t = 27 to 30) were generated
with §,,, = 1.0. The dataset used in this example
supports the findings that are available from the
corresponding author upon request.

According to the dataset, process monitoring was
conducted using the Shewhart-X chart withn = 5 (the
first five of nine were selected for each sample). After
that, it was performed using the Revised DS-X chart.
From Table 1, for n =5 and &,,; = 1.0, the optimal
chart parameters for the Revised DS-X chart, which
means MRL, = 250 and ASSy =5, are (ny,n,) = (3,6)
and (Lq,L,) = (0.9674,2.6394). These optimal chart
parameters were used for monitoring the process. The
results of utilizing process monitoring, using the
Shewhart- X chart and the Revised DS-X chart, are



359

plotted in Fig. 4.

Fig. 4 (a) shows that the process is in control,
though there was a mean shift of §,,, = 1.0 that
started from the sampled time of t = 26. In this case,
Shewhart- X chart is not sensitive in detecting the
occurrence of the mean shift. Meanwhile, Fig. 4 (b)

shows that the Revised DS-X chart detected the out-of-
control signal at the sampled time of t = 30 as Zs =
2.7542 > L, = 2.6394. Results describe that based on
MRL, the Revised DS-X chart remains better than
Shewhart-X in detecting small shift mean.

Table 1 Optimal parameter combinations (nq,n,), (L1, L,) and (MRL,,ASS;) values of the Revised DS-X chart when MRL, = 250, ASS, €
{3,5,7} and 8, € {0.2,0.4,0.6,0.8,1.0,1.2,1.4}

Sopt ,;1550 5 7

0.2 (ny,ny) (1, 14) (1, 14) (1, 14)
(L, L) (1.4652, 2.3381) (1.0676, 2.5867) (0.7916, 2.7234)
(MRLq, ASS,)  (77,3.1116) (67, 5.1340) (61, 7.1283)

0.4 (ny, 1) (1, 13) (4,11) (6,9)
(L, L) (1.4261, 2.3657) (1.6906, 2.1641) (1.5932, 2.2427)
(MRL,,ASS;) (19, 3.4225) (13, 6.1124) (10, 8.4736)

0.6 (ny,n3) (1,12) (2, 13) (6,7)
(L, L) (1.3830, 2.3952) (1.1984, 2.5122) (1.4652, 2.3381)
(MRL,,ASS;)  (7,4.1198) (4, 6.9863) (3, 9.5241)

0.8 (ny,nz) (2,8) (1, 14) (6, 8)
(L, L) (1.5341, 2.2878) (1.0676, 2.5867) (1.5341, 2.2878)
(MRL,,ASS;)  (3,4.7793) (2, 6.9560) (1,11.3199)

1.0 (ny,n3) 1,7 (3,6) (1, 10)
(L, L) (1.0676, 2.5867) (0.9674, 2.6394) (0.5244, 2.8328)
(MRL,,ASS;) (2, 4.4468) (1, 7.6874) (1, 8.4652)

1.2 (ny,ny) (2,5) (1,6) 1,7
(L, Ly) (1.2816, 2.4613) (0.4307, 2.8663) (0.1800, 2.9449)
(MRL,, ASS;)  (1,5.3128) (1, 5.9836) (1, 7.5095)

1.4 (ny,ny) (1,4) (1,5) (1,7)
(L, Ly) (0.6745, 2.7740) (0.2533, 2.9235) (0.1800, 2.9449)
(MRLq, ASS;) (1, 4.1398) (1, 5.6168) (1,7.6207)

Note: L, and L, are obtained using equations (8) and (9), respectively

45

Toqque (Kg.m)
(%) 93]
o o

71/2

1234567 8 9101112131415161718192021222324252627282930

Subgroup

Fig. 4 Monitoring process for torque inspection: (a) Monitoring using Shewhart X chart, (b) Monitoring using Revised DS-X chart detecting
the out-of-control signal at sampling time t = 30

5. Conclusion

In practice, understanding the control chart in use is
very important for engineers or practitioners. MRL is
easier to understand and interpret than ARL because of

the distribution of run-length changes along with the
process mean shift. The performance of MRL and ARL
are equal when the process has a large shift; the sample
size will take a significant role when the shift becomes
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smaller. In addition, MRL provides practitioners with
more credible information. For a process with a large
shift ( 8,p,c =1 ), the obtained MRL values are
equalized although the sample size is various. When
the shift is moderate to small, the larger sample size
will give the smaller MRL. Thus, the out-of-control
signal can be detected earlier. Moreover, based on
MRL, the specific optimal parameters of the Revised
DS-X chart are provided to assist practitioners in a real
application.

As a limitation of the study, this paper only
discusses the optimal design for the known parameter
case, meaning that it is assumed that the process mean
is known. Further research can be developed regarding
the optimal design for the estimated parameter case.
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