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Abstract

Missing values in medical datasets can reduce statistical efficiency and introduce bias. This
study applied Bayesian multiple imputation within the Fully Conditional Specification (FCS)
framework and assessed its numerical stability. The data comprised 132 lung cancer patient
records collected at Karsa Husada Hospital, Batu, between 2020 and 2025. The variables
included age, sex, smoking status, comorbidity, family history, and lung cancer stage. Cancer
stage was missing for 42.42% of patients (56/132). Associations between missingness indicators
and observed variables were examined using x? tests for categorical variables and independent
t-tests for age. No statistically significant associations were detected (p > 0.05). These
findings provided no evidence against MCAR for the variables examined but did not establish
MCAR or distinguish MAR from MNAR. Imputation was conducted under an assumed
MAR mechanism. All incomplete variables were binary and were imputed using Bayesian
logistic regression with posterior parameter draws generated through the Metropolis—Hastings
algorithm. The primary analysis generated 20 completed datasets using 20 FCS iterations.
Trace plots, acceptance rates, and effective sample sizes showed no clear evidence of systematic
non-convergence. Mean bias-reduced logistic regression was fitted to each completed dataset,
and estimates were pooled using Rubin’s rules. No predictor was significantly associated with
Stage IV disease. Precision was limited, particularly for sex (95% CI: 0.012-22.40), smoking
status (95% CI: 0.009-5.95), and family history (95% CI: 0.26-12.18). Sensitivity analyses
using 50 and 100 completed datasets and a wider slope prior produced similar conclusions.
The small sample size and high proportion of missing outcome data limited the precision of
the estimates.

Keywords: Bayesian multiple imputation; Fully Conditional Specification (FCS); missing data;
lung cancer

Copyright © 2026 by Authors, Published by CAUCHY Group. This is an open access article
under the CC BY-SA License (https://creativecommons.org/licenses/by-sa/4.0)

1. Introduction

The issue of missing values in a dataset is crucial to address. Missing values occur when values
that should have been observed are unavailable due to reasons such as participant nonresponse,
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Bayesian Multiple Imputation for Lung Cancer

data entry errors, loss of records, equipment malfunction, or incomplete data collection [1].
Imputation methods are required to accurately estimate missing values. Therefore, appropriate
methods for handling missing data are needed to obtain valid and representative estimates. Some
simple methods commonly used to handle missing data include mean imputation and mode
imputation[2, 3]. These methods are commonly used because of their practical convenience.
However, they have important limitations, including the potential to underestimate variability and
produce biased estimates. Therefore, more principled approaches, such as multiple imputation,
are needed.

Multiple imputation is a statistical technique that replaces each missing value with several
plausible values [4, 5], thereby generating multiple complete datasets. Each completed dataset
is analyzed separately. The results are later combined so that the uncertainty associated with
missing data is reflected in the final inference [6]. Compared with single imputation, multiple
imputation generally produces more valid statistical inference because it incorporates both within
imputation and between imputation variability [7].

One approach using multiple imputation is Bayesian imputation. Bayesian imputation
generates missing values using samples from the posterior distribution of the model parameters.
Therefore, parameter uncertainty is reflected throughout the imputation process [8]. This
approach is probabilistic. It preserves the natural variability of the data by producing multiple
plausible values for each missing observation. In contrast, the K-Nearest Neighbor (KNN)
imputation method is a deterministic approach. It estimates missing values based on the
similarity between observations. This method does not explicitly reflect parameter uncertainty.

Selecting a missing value handling method requires considering the mechanism underlying
the missing data. According to Rubin [6], missing data can be classified into three mechanisms:
Missing Completely at Random (MCAR), Missing at Random (MAR), and Missing Not at
Random (MNAR). Because each missing data mechanism represents a different pattern of
missingness. The performance of an imputation method varies according to the underlying
mechanism. Each mechanism has distinct characteristics that can influence the choice of missing
value handling method for further analysis. Several studies have suggested that the missing-
data mechanism should be considered when selecting a method for handling missing values.
This consideration helps align the imputation method with the characteristics of the data
being analyzed [2, 3]. Therefore, missingness patterns should be examined before selecting an
imputation strategy. The plausibility of alternative missing-data assumptions should also be
assessed.

Several studies have demonstrated the effectiveness of model based multiple imputation
approaches. Fully Conditional Specification (FCS) is one of the most widely used frameworks for
handling missing data. It can be implemented through chained equations [5, 9]. FCS specifies
a separate conditional imputation model for each incomplete variable. The missing values
are then updated sequentially using the current values of the other variables. In a Bayesian
implementation, plausible values are generated using posterior draws of the model parameters,
thereby incorporating parameter uncertainty and preserving data variability [3, 10]. [11] reported
that chained-equations imputation produced more accurate estimates and better preserved the
correlation structure among variables than simple imputation methods. Several studies have also
evaluated conventional imputation methods. Mukarromah et al. [12] reported that K-Means
imputation achieved a lower Mean Squared Error (MSE) than mean imputation across different
levels of missing data. Similarly, [13] found that the KNN Imputer, which was combined with
Gradient Boosting, produced the lowest Root Mean Square Error (RMSE) compared with Mean
Imputation and Interpolation methods.

Despite their advantages, existing imputation methods still have several limitations. For
example, the K-Nearest Neighbor (KNN) method is a deterministic approach that estimates
missing values based on similarities between observations, making it sensitive to data variability,
sample size, and the choice of distance metric. Meanwhile, the model-based Bayesian approach
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generates imputed values from posterior distributions. Parameter uncertainty is reflected in
these distributions. The approach also uses relationships among variables represented in the
probabilistic model [8]. These characteristics can enable the Bayesian approach to produce more
representative imputations. This advantage may be particularly relevant when the variables have
complex relationships or the sample size is relatively small.

Previous studies have demonstrated the effectiveness of Bayesian imputation and other
missing-data methods. However, evidence regarding their application to medical datasets remains
limited. This limitation is particularly relevant for datasets with relatively small sample sizes
and substantial missingness. Therefore, this study aimed to apply Bayesian multiple imputation
using the FCS framework to handle missing values in a lung cancer dataset. The study first
examines the associations between missingness indicators and the available observed variables.
Then, the numerical stability of the imputation procedure was evaluated. This evaluation used
iteration diagnostics and posterior sampling diagnostics. The main contribution of this study is
the integration of several analytical components within a multiple imputation framework. These
components include missingness indicator analysis, iteration diagnostics, posterior sampling
diagnostics, and mean bias-corrected logistic regression. The estimates obtained from the
completed datasets are combined using Rubin’s rules. This combination reflects the uncertainty
arising from the imputation process. This study does not experimentally compare the performance
of the Bayesian FCS procedure under simulated MCAR, MAR, and MNAR scenarios.

2. Methods

Missing values occur when some observations of a variable are missing from a dataset. Missing
values can reduce the reliability of statistical analysis by reducing estimation efficiency, introducing
bias, and affecting the validity of statistical inference [2]. Therefore, handling missing values is
an important step in the data analysis process. The following are the most common missing data
mechanisms.

2.1. Missing Value Mechanism

Based on [7], missing data can be classified into three mechanisms which are Missing Completely at
Random (MCAR), Missing at Random (MAR), and Missing Not at Random (MNAR). Consider

a data matrix
Y = (}/ob& Ymiss) (1)
where
e Y, : observed data

e Yhiss : missing data

The missingness indicator is defined as

{1, if Y is observed,

0, if Y is missing.
The missingness mechanism is represented by
P(R|Y,0) (3)

Eq. (3) represents the probability of the missingness pattern R conditional on the complete data
Y and the parameter §. MCAR occurs when the probability of missingness does not depend on
either the observed or the missing data. Thus,

P(R ‘ YOb57 Ymiss) = P(R) (4)
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where Eq. (4) indicates that the probability of missingness does not depend on either the
observed or the missing data. It indicates that the occurrence of missing values is unrelated
to any characteristics of the data. Hence, the observed data represent a random sample of
the population, allowing statistical analyses based on the observed data to produce unbiased
estimates. Therefore, the missingness follows the MCAR, mechanism.

Missing at Random (MAR) occurs when the probability of missingness depends only on the
observed variables. Then, Missing Not at Random (MNAR) occurs when the probability of
missingness depends on the missing values themselves. Therefore, identifying the missing data
mechanism is required because it determines suitable method for handling missing data. Let

Y = (Y;)bsa Ymiss)
denote the data vector defined in Eq. (1). The MAR mechanism can be expressed as
P<R ’ Yob57Ymiss) = P(R ‘ Y;)bs) (5)

Eq. (5) indicates that the probability of missingness depends only on the observed data. It is
independent of the missing values after conditioning on the observed data. For MAR mechanism
the observed variables contain enough information to model the distribution of the missing
value. Therefore, model based methods, such as maximum likelihood estimation and multiple
imputation, can be used to obtain unbiased parameter estimates.

However, data are classified as MNAR when the probability of missingness depends on the
missing values themselves. The MNAR mechanism is defined as

P(R | Yobs, Ymiss) 7 P(R | Yobs) (6)

Eq. (6) indicates that the probability of missingness cannot be explained using only the
observed data because it depends on the missing values themselves. Accordingly, the observed
variables do not provide enough information to accurately estimate the missing values. There-
fore, handling MNAR data generally requires specialized models that consider the missingness
mechanism.

2.2. Assessment of the Missing Data Mechanism

Before selecting an appropriate method for handling missing data, the missing data mechanism
should be evaluated. Based on the classification proposed by [7], the missing data mechanism can
be assessed through statistical tests of the missingness pattern. Most conventional imputation
methods assume that the missing data mechanism follows either the MCAR or MAR assumption.
For MCAR, missing values occur completely at random and are unrelated to any variables in the
dataset. Under MCAR, the probability of missingness does not depend on either the observed
or unobserved data. Since this study involves categorical variables, evidence against MCAR
was assessed by testing the independence between the missingness indicator R and the observed
variables Yo, using Pearson’s x? test [14]. Failure to detect an association is consistent with
MCAR for the observed variables examined, but does not establish MCAR because dependence
on unobserved data cannot be assessed directly.
The null and alternative hypotheses are defined in Equations (7) and (8), respectively.

Hj : The missingness indicator R is independent of Yy, (7)
H, : The missingness indicator R is not independent of Y. (8)

The Pearson Chi-square statistic is given in Eq. (9)

r.c )2
e=yy Ltk )

i=1j=1
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where O;; denotes the observed frequency and E;; denotes the expected frequency under the null
hypothesis of independence.
The null hypothesis is rejected if

X2 > X (r—1)(e-1) (10)

Eq. (10) presents the decision rule for the Pearson chi-square test. The null hypothesis is rejected
when the calculated chi-square statistic exceeds the corresponding critical value. Equivalently,
the null hypothesis is rejected when the p-value is less than the significance level a.

If Hy is not rejected, the result provides no evidence of an association between the missingness
indicator and the observed variable examined. Therefore, the result is consistent with MCAR.
However, failure to reject Hy does not establish that MCAR holds. If Hy is rejected, the result
provides evidence against MCAR with respect to the observed variable examined. Such an
association may be consistent with MAR. However, MAR and MNAR cannot generally be
distinguished using the observed data alone.

2.3. Bayesian Imputation

After identifying the assumed missing-data mechanism, a method for handling the missing
values was determined. In this study, Bayesian imputation was implemented within a multiple-
imputation framework. The approach treats the missing values and the parameters of the
imputation models as uncertain quantities. It also addresses the uncertainty associated with
missing data in the subsequent statistical analyses [6, 9].

Under the Bayesian imputation approach, missing values are treated as random variables
and sampled from their posterior predictive distributions conditional on the observed data. The
MAR assumption was adopted in this study. The parameters of the data model were distinct
from those of the missingness mechanism. Under these conditions, the missingness mechanism is
ignorable and does not need to be modeled explicitly for Bayesian inference [2, 7].

Let Yops and Yiyiss denote the observed and missing components of the data, respectively,
and let 8 denote the parameters of the imputation model. Under the MAR assumption and
an ignorable missingness mechanism, the joint posterior distribution of the missing values and
model parameters can be expressed as [0]

p (Ym1587 0 ’ Yobs) xXp (Yobsa Ymiss ‘ 0) p(a)a (11)

Eq. (11) represents the joint posterior distribution of the missing values and the imputation-model
parameters. This equation applies under the MAR assumption and an ignorable missingness
mechanism. In this equation, p(#) denotes the prior distribution. Furthermore, p(Yobs, Ymiss | 0)
denotes the complete-data likelihood [7].

Within the Fully Conditional Specification (FCS) framework, a separate conditional imputa-
tion model is specified for each incomplete variable. FCS updates the missing values sequentially
and repeatedly using the observed and most recently imputed values of the other variables as
predictors. This framework is flexible because each variable can be modeled according to its
distribution without requiring the explicit specification of a single joint distribution [5, 9].

Suppose that the dataset contains p variables, Y = (Y7,...,Y}), of which some contain
missing values. Let Y_; denote all variables other than Y;. For the j-th incomplete variable,
FCS specifies the conditional model

p (Y 1Y5.8), (12)

where 3, denotes the parameter vector of the j-th conditional imputation model. At FCS
iteration ¢, the conditional posterior distribution is

P (B | Viows: Y19) o p (Viows | Y15, 8;) p(8)), (13)
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where Y_(? contains the observed and currently imputed values of the remaining variables. A
draw B;(C) was obtained from the conditional posterior distribution. Conditional on this draw,

the missing values were generated from
Ve ~ 0 (Vimise | Y19, 85). (14)

FCS avoids the need to specify a complex joint distribution directly. However, its conditional
models may not always correspond to a coherent joint probability distribution. Therefore, the
conditional models should be specified carefully. They should also include substantively relevant
predictors [9].

2.3.1. Regression Model for Imputation

Missing values are treated as random variables and estimated through the posterior distribution
based on the observed data under the Bayesian Imputation approach. The obtained posterior
distribution requires a statistical model that describes the relationship between the variable
containing missing values and the other observed variables. The model commonly used is a
regression model [5].

In this study, all variables requiring imputation were binary categorical variables. Therefore,
the incomplete variables were modeled using Bayesian logistic regression within the chained
equations framework. In this procedure, the incomplete variables were updated alternately and
repeatedly using the current values of the other variables as predictors. The missing values were
generated randomly based on their predictive probabilities [9].

For the j-th incomplete binary variable, the conditional probability of belonging to the event
category was modeled as

exp (xgﬂj)
1+ exp (XZ,BJ> .

Ti5 = Pr (Yl] =1 | Xiijj) == (15)

In Eq. (15), Yj; = 1 denotes the internally coded event category for observation i, x;; denotes
the corresponding predictor vector, and B; denotes the regression coefficient vector for the j-th
imputation model. For each incomplete binary variable, the first category in the ordered observed
categories was treated as the reference category, whereas the second category was treated as the
event category and internally coded as Y;; = 1.

The predictors, except the intercept, were standardized using the means and standard
deviations calculated from observations for which Y; was observed. This standardization was
applied so that the prior distributions of the slope coefficients were defined on comparable scales.
The intercept and slope coefficients were assigned normal prior distributions

/Bjo ~ N(07 52)7 (16)

and
Bjr ~ N(0,2.5%), k=1,...,d; — 1, (17)

where d; denotes the number of regression coefficients in the j-th imputation model.

For observations in which Y was observed, the likelihood of the binary logistic regression
model was

Li(B;) = [I =0 (1 —mij)' ¥, (18)
i€0;

where O; denotes the set of observations for which Y; was observed, and 7;; is defined in Eq. (15).

The likelihood in Eq. (18) was combined with the prior distributions in Equations (16) and
(17). This gives the conditional posterior distribution defined generally in Eq. (13).
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The predictive probabilities depend on uncertainty in the regression coefficients. Therefore,
the coefficients were not treated as fixed values. Draws from their posterior distribution were
generated using the Metropolis—Hastings algorithm with a multivariate normal random-walk
proposal [15, 16].

The initial coefficient vector and the proposal covariance matrix were obtained from a
numerical approximation to the posterior distribution. The approximate posterior covariance
matrix was based on the inverse Hessian of the negative log-posterior evaluated at its mode. The
proposal covariance matrix was defined as

2.38% 5
E‘Iaj = d: V,B]" (19)
J

where ng denotes the approximate posterior covariance matrix and d; denotes the number
of regression coefficients. The proposal covariance matrix was scaled by 2.382/d;, following a
commonly used scaling rule for multivariate random walk Metropolis algorithms. The scaling
factor controls the dispersion of the random-walk proposal [17].

The posterior distribution of the logistic regression coefficients does not have a standard
closed form from which samples can be generated directly. Therefore, the Metropolis—Hastings
algorithm was used to obtain draws from this posterior distribution. The algorithm constructs
a Markov chain by repeatedly generating a candidate coefficient vector and deciding whether
the candidate should replace the current coefficient vector. The proposal covariance matrix
in Eq. (19) determines the size and direction of the changes proposed at each iteration. At
Metropolis—Hastings iteration ¢, a candidate coefficient vector was generated from the multivariate
normal random-walk proposal

B | By Y~ N (B 2y). (20)

The random-walk proposal in Eq. (20) was generated computationally using the eigen
decomposition of the proposal covariance matrix. To generate candidate values while preserving
the proposal covariance structure, eigen decomposition was applied [18, 19]

Eq,j = Qq,qu,j QZ;" (21)

Eigenvalues smaller than 107'° were replaced by 1070 to maintain numerical stability

Ag.jt = max (Aq s, 10710). (22)

Let KqJ denote the diagonal matrix containing the adjusted eigenvalues and let z ~ N(0,I).
The candidate coefficient vector was generated as
t—1 ~1/2
grr =g 1 QA e (23)
The eigenvalue adjustments were used only to maintain numerical stability and were not
interpreted as prior information. Since the normal random-walk proposal is symmetric then the

proposal densities cancel from the Metropolis—Hastings ratio. The candidate was accepted with
probability

p (ﬂ?mp | }/},Obsv Xj,obs)
p (ﬁgt_l) ’ Y',ob57 Xj,obs)

In the numerical implementation, the posterior ratio in Eq. (24) was evaluated on the
logarithmic scale. Let

aj =min ¢ 1,

(24)

Aj = logp (ﬁ?rop | }/},obS7Xj,obs) - lng (/Bg‘t_l) ‘ Y3,0b57Xj,obs) . (25)
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A value u ~ Uniform(0, 1) was generated. The coefficient vector was updated according to

0 {ﬂjp-mp, if log(u) < Aj,
B;

- ,Bg-t_l), otherwise.

(26)

The chain was initialized at ijM ap- The first 1,000 iterations were excluded as initial iterations
to reduce the influence of the starting value. Hence, 400 draws were retained by recording
every third iteration. One of these draws was randomly selected for calculating the predictive
probabilities and is denoted by ;.

The performance of the Metropolis—Hastings sampler was evaluated using the acceptance
rate and effective sample size (ESS). The ESS was estimated using an autocorrelation-based
formula [16, 20]

B S

L+ 2550 o’
where S denotes the number of posterior draws, p; denotes the estimated autocorrelation at
lag ¢, and L* denotes the last lag included in the calculation. The ESS was calculated for each
regression coefficient. The smallest ESS was recorded for each conditional imputation model.

L = min (S 1, [5\/§J) : (28)

Eq. (28) defines the maximum lag L.y considered in estimating the effective sample size. The
truncation lag L* in Equation (27) was selected from the lags up to Lyax.

The selected posterior draw was used to calculate the predictive probabilities for observations
with missing values in Y; in Eq. (29):

ESS (27)

oo ()
1+ exp (xz; B;‘)
where M; denotes the set of observations with missing values in Y;. For the binary logistic

imputation model, the general predictive draw in Eq. (14) was implemented as a Bernoulli draw
as in Eq. (30).

i€ Mj, (29)

Pij

¥ amiss ~ Bernoulli (pj), i € M;. (30)

17,Mmiss
Thus, the imputed values were random draws rather than fixed predictions. They reflected
uncertainty in both the regression coefficients and the missing binary values. The procedure was
repeated for each incomplete variable within the FCS framework to generate multiple completed
datasets.

2.4. Chained Equations Process

The conditional model in Eq. (12) was applied sequentially to each incomplete variable. Let
Z denote the fully observed variables. At FCS iteration ¢, the missing values were updated as
follows

Yl(,ir)liss ~p (YLmiSS | Y1,0bs, Y2(Cil)7 e 7Yp(671)= Z) ) (31)
Yy~ p (Yz,miss | Yaobs, Y10, V30 v (oD, Z) : (32)
(33)

Yy ies ~ 0 (Ypmiss | Yoobss Vi, YA, Z) (34)

At each step, only the originally missing values of one variable are updated, while its observed
values remain fixed. The most recently updated values of the other variables are used as
predictors. One sequential update of all incomplete variables constitutes one iteration of the
chained-equations procedure [5, 9].
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2.5. Multiple Imputation

In multiple imputation, the imputation process is performed not only once but repeated m times,
resulting in several completed datasets [6, 9].

DM p® . plm, (35)

For each completed dataset, the missing values were randomly initialized. They were then
updated through the specified number of FCS iterations. Therefore, each completed dataset
contained different plausible values for the originally missing observations.

Each completed dataset was analyzed separately, after which the resulting parameter estimates
and their corresponding variances were combined using Rubin’s rules. Multiple imputation was
selected because it incorporates uncertainty associated with the missing values. This uncertainty
is reflected in the resulting estimates and variances. Therefore, the imputed values are not
treated as if they were observed without error [21]. The imputation procedure was conducted
under the MAR assumption. The procedure was conditional on the observed variables included
in the imputation models.

2.6. Mean Bias-Reduced Logistic Regression and Pooling

Mean bias-reduced logistic regression was fitted separately to each completed dataset in R using
the brglm2 package. The models were fitted using glm() with method = brglm2: :brglmFit
and type = "AS_mean", that implements mean bias reduction through adjusted score equations.
For the k-th completed dataset, let 0, denote the mean bias-reduced estimate of a regression
coefficient. Its within-imputation variance, denoted by Uy, was obtained from the corresponding
diagonal element of the model based variance—covariance matrix returned by vcov(). Thus, Uy
represents the estimated sampling variance of ék conditional on the k-th completed dataset. The
standard model-based variance estimator was used.

The coeflicient estimates and their within-imputation variances were pooled on the log-odds
scale using Rubin’s rules [6]. The pooled coefficient estimate was

Cb>

(36)

S\H

The average within-imputation variance was

WE
=

]l
Il

(37)

S|-
bl
i
Il

and the between-imputation variance was
m
Z@r)~ (38)
k:l

The total variance was calculated as
T:U+@+>B. (39)

The pooled standard error was therefore
SE(f) = VT. (40)

Accordingly, the total variance incorporates two sources of uncertainty. The first is the average
sampling uncertainty from the mean bias-reduced regression models fitted to the completed
datasets, represented by U. The second is the uncertainty arising from differences among the
imputations, represented by B. The regression coefficients were first pooled on the log-odds scale.
The pooled coefficients were then transformed into odds ratios using OR; = exp (BJ)
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2.7. Study Data and Implementation

The data used in this study were obtained from the medical records of Karsa Husada Hospital,
Batu. The dataset consisted of patient diagnostic history reports collected from 2020 to 2025. A
total of 132 observations were included in this study. The variables consisted of five independent
variables (X) representing lung cancer risk factors according to [22] and one dependent variable
(Y) representing the stage of lung cancer.

The independent variables consist of demographic and clinical characteristics, namely age,
sex, smoking status, comorbidity, and family history. These variables were selected because
previous studies have identified them as major risk factors contributing to the occurrence and
progression of lung cancer [22]. Furthermore, factors such as age, smoking habits, and medical
history have been reported to have significant associations with both the risk and severity of
lung cancer [23]. In addition to clinical considerations, these factors are closely related to disease
severity. Therefore, the variables used in this study were considered relevant for classifying lung
cancer stages.

The dependent variable represented the stage of lung cancer and was categorized into two
classes, namely Stage III and Stage IV. The classification was used to represent disease severity
and to distinguish patients based on lung cancer progression. The description of variables
presented in Table 1 was used throughout the imputation and regression analyses.

Table 1: Description of the study variables

Variable Scale Description

Age Ratio Patient age in years; analyzed as a continuous variable and
not recoded.

Sex Nominal 1 = Male; 2 = Female.

Smoking status Nominal 1 = Active smoker; 2 = Non-smoker.

Comorbidity Nominal 1 = Presence of comorbidity; 2 = Absence of comorbidity.

Family history Nominal 1 = Presence of family history; 2 = Absence of family history.

Lung cancer stage Nominal (binary) Stage III was recoded as 0 and used as the reference outcome,
whereas Stage IV was recoded as 1 and defined as the event.

Missing data were handled using multiple imputation based on Fully Conditional Specifica-
tion (FCS), implemented manually in base R. All variables requiring imputation were binary
categorical variables. Therefore, they were imputed sequentially using approximate Bayesian
logistic regression models.

Age and sex were fully observed and were included as predictors in the conditional imputation
models. The procedure generated m = 20 completed datasets, with 20 iterations performed for
each imputation chain. The number of imputations was selected in consideration of the relatively
high proportion of missing disease-stage values and the need to reduce Monte Carlo error [4, 24].
Each completed dataset was subsequently analyzed using bias-reduced logistic regression, and
the resulting estimates and variances were combined using Rubin’s rules.

The main steps of the data analysis and multiple imputation procedure are summarized in
Algorithm 1.

3. Results and Discussion

Table 2 presents the descriptive statistics of the lung cancer dataset used in this study. The table
summarizes the number of observations and provides information on the missing values for each
variable.

The age variable is measured on a ratio scale, with a mean of 60.51 years and a standard
deviation of 11.41 years, ranging from 25 to 85 years. In contrast, the variables sex, smoking
status, comorbidity, family history, and lung cancer stage are categorical variables. As shown in
Table 2, several variables have relatively high proportions of missing values, particularly lung
cancer stage (42.42%), smoking status (28.03%), and family history (14.39%). Such a substantial
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Algorithm 1 Bayesian multiple-imputation procedure

1. Clean and encode the variables in the original dataset D.

Ll

10.

11.

Calculate descriptive statistics and missing-value percentages.
Construct the missingness indicators as defined in Eq. (2).

Assess the associations between the missingness indicators and the observed variables using
the Pearson x? statistic in Eq. (9) and independent ¢-tests.

Identify the incomplete binary variables and specify the predictors for each conditional
imputation model.

For each imputation k =1, ..., m, perform the following steps:

(a) Initialize the originally missing values by randomly sampling from the observed values
of the corresponding variables.

(b) For each FCS iteration ¢ = 1,...,C, update each incomplete binary variable Y}
sequentially according to Equations (31)—(34):

i. Specify the Bayesian logistic regression model in Eq. (15) using the current values
of the other variables as predictors.

ii. Assign the prior distributions for the intercept and slope coefficients according to
Equations (16) and (17).

iii. Construct the likelihood according to Eq. (18) and combine it with the prior
distributions to obtain the conditional posterior distribution in Eq. (13).

iv. Construct the proposal covariance matrix using Eq. (19).

v. Generate candidate coefficient vectors using the multivariate normal random-walk
proposal in Eq. (20). The computational generation of the proposal is given in
Equations (21)—(23).

vi. Calculate the Metropolis—Hastings acceptance probability using Eq. (24), evaluate
the posterior ratio on the logarithmic scale using Eq. (25), and update the
coefficient vector according to Eq. (26).

vii. Discard the first 1,000 Metropolis—Hastings iterations, retain 400 draws by record-
ing every third iteration, and randomly select one retained posterior draw B;f.

viii. Calculate the acceptance rate and the effective sample size defined in Eq. (27).
ix. Calculate the predictive probabilities for the missing observations using Eq. (29).
x. Generate the missing binary values from the Bernoulli distribution in Eq. (30).

xi. Keep the originally observed values unchanged and continue to the next incomplete
variable.

(¢) After completing all C' FCS iterations, store the completed dataset as D*),

After all m imputations are completed, obtain the completed datasets defined in Eq. (35).
Evaluate the FCS trace plots, Metropolis—Hastings acceptance rates, and effective sample
sizes.

Fit bias-reduced logistic regression separately to each completed dataset D),

Pool the parameter estimates using Eq. (36), calculate the within- and between-imputation
variances using Equations (37) and (38), and calculate the total variance using Eq. (39).

Calculate the pooled standard errors using Eq. (40) and report the pooled odds ratios, 95%
confidence intervals, and p-values.
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Table 2: Descriptive statistics and missing data summary of the lung cancer dataset

Variable Data Type Descriptive Statistics Valid n Missing n Missing (%)

Age Numerical Mean + SD = 60.51 + 132 0 0.00
11.41; Min—Max = 25-85

Sex Categorical Male: 95 (71.97%); Female: 132 0 0.00
37 (28.03%)

Smoking Status Categorical Smoker: 63 (66.32%); Non- 95 37 28.03
smoker: 32 (33.68%)

Comorbidity Categorical Yes: 49 (37.69%); No: 81 130 2 1.52
(62.31%)

Family History Categorical Yes: 13 (11.50%); No: 100 113 19 14.39
(88.50%)

Lung Cancer Stage Categorical (Binary) Stage III: 62 (81.58%); 76 56 42.42

Stage IV: 14 (18.42%)

proportion of missing values can reduce the effective sample size and increase estimation bias
if observations with missing values are discarded through complete-case analysis. Therefore,
Bayesian logistic-regression multiple imputation within the FCS framework was employed to
preserve the available information. This approach also addresses the uncertainty arising from
missing values.

The missing data mechanism in this study was analyzed by examining the relationships
between the missing data indicators for each variable and the remaining observed variables.
Chi-square tests were applied to categorical variables, whereas independent t-tests were used for
the numerical variable. The results of the missingness analyses for the smoking status, family
history, and lung cancer stage variables are presented in Table 3.

Table 3: Missingness analysis for variables with missing values

Missing Variable Comparison Variable Statistical Test Test Statistic p-value

Smoking Status Lung Cancer Stage Chi-Square 0.9442 0.3312
Family History Chi-Square 0.3828 0.5361
Comorbidity Chi-Square 0.0789 0.7776
Sex Chi-Square 0.2372 0.6262
Age Independent t-test 1.4708 0.1417
Family History Lung Cancer Stage Chi-Square 0.0000 1.0000
Comorbidity Chi-Square 0.2374 0.6261
Sex Chi-Square 0.4202 0.5168
Smoking Status Chi-Square 0.0690 0.7928
Age Independent t-test 1.1712 0.2541
Lung Cancer Stage Family History Chi-Square 0.0000 1.0000
Sex Chi-Square 0.7421 0.3890
Smoking Status Chi-Square 0.0785 0.7793
Comorbidity Chi-Square 1.0585 0.2946
Age Independent t-test 0.6834 0.5810

The analyses did not detect statistically significant associations between the missingness
indicators and the examined observed variables (p > 0.05). These findings provide no evidence
against an MCAR mechanism based on the variables examined. However, the absence of statisti-
cally significant associations does not establish MCAR, and cannot distinguish between MAR and
MNAR. Multiple imputation was subsequently conducted under an assumed MAR mechanism,
conditional on the observed variables included in the imputation models [7]. Accordingly, Bayesian
multiple imputation within the FCS framework was used to retain the available observations.
This approach also addresses uncertainty associated with the missing values [1]. A separate
missingness-indicator analysis was not performed for comorbidity because only two observations
were missing, providing insufficient variation for a meaningful comparison.

The relatively high proportion of missing values, particularly for lung cancer stage (42.42%),
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smoking status (28.03%), and family history (14.39%), suggests that removing observations with
missing values would substantially reduce the effective sample size and may increase estimation
bias. Therefore, the Bayesian logistic-regression imputation within the FCS framework was used
in this study. This method preserves the available information. The uncertainty introduced by
missing values is reflected through multiple imputations. In addition, the variability attributable
to missing values is incorporated into the parameter estimation process.

In the FCS procedure, each incomplete variable was conditionally modeled using the remaining
variables as predictors. All variables requiring imputation in this study were binary categorical
variables. Therefore, they were imputed using Bayesian logistic regression. Age was fully observed
and included as a continuous predictor. Sex was also fully observed and included as a binary
predictor. A total of m = 20 completed datasets were generated through 20 iterations of the
chained equations procedure [4, 24].

For each incomplete binary variable, the conditional probability of belonging to the event
category was modeled as

log (1 flp) = Bo + B1Xi + PoXiog + - + BpXip, (41)

Eq. (41) specifies the Bayesian logistic regression model used for each incomplete binary variable,
where p; denotes the probability that the i-th observation belongs to the event category, B, ..., 3y
denote the regression coefficients, and Xji,..., X;, denote the predictor variables. Posterior
parameter draws were used to calculate the predictive probabilities, after which the missing
binary values were generated from Equation (30).

This stochastic procedure reflects uncertainty in the estimated model parameters and imputed
values. It also uses the multivariable relationships specified in the conditional imputation models.
Iteration plots were examined to assess the stability of the chained equations procedure. For
each incomplete binary variable, the event category was internally coded as 1. At each iteration,
the proportion of originally missing observations assigned to this event category was recorded.
This procedure was performed across all 20 iterations for each of the 20 imputation chains.

In Fig. 1, the thin blue lines represent the individual imputation chains, the thick red line
represents the mean proportion across chains at each iteration, and the horizontal dotted line
represents the overall mean across chains and iterations. The plots directly assess the variables
that were imputed: smoking status, comorbidity, family history, and cancer stage. The event
categories were non-smoker, absence of comorbidity, absence of family history, and Stage IV,
respectively. Chains that remain intermixed and fluctuate without a persistent increasing or
decreasing trend indicate a relatively stable iteration pattern.

The trace plots showed no persistent increasing or decreasing trends for smoking status,
family history, or cancer stage. The mean proportions remained relatively stable across the
20 iterations. Comorbidity exhibited a discrete pattern, with chain-specific proportions taking
values of 0, 0.5, or 1. This pattern occurred because only two comorbidity observations were
missing. Changing the category assigned to one observation therefore changed the proportion by
0.5. Therefore, this discrete pattern was not by itself interpreted as evidence of non-convergence.

Numerical diagnostics for the posterior sampling procedure are presented in Table 4. As
shown in Table 4, the mean posterior sampling acceptance rates ranged from 0.293 to 0.302. It
remains within relatively narrow ranges across the four imputation models. All 400 updates for
each incomplete variable were completed using posterior sampling. No empirical fallback was
required in any of the 1,600 conditional-model updates in the primary analysis. The median
minimum effective sample sizes ranged from 85.83 to 111.30. Although smaller minimum ESS
values were observed in individual updates, the combined trace plot and numerical diagnostics
did not provide clear evidence of systematic non-convergence. Nevertheless, the lower minimum
ESS values and the discrete comorbidity pattern were interpreted cautiously.

Following multiple imputation, multivariable logistic regression was performed separately
in each of the 20 completed datasets. Cancer stage was specified as the dependent variable,
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Fig. 1: Iteration plots of the proportions of originally missing observations assigned to the event category
across 20 FCS iterations and 20 imputation chains. The event categories were non-smoker, absence of
comorbidity, absence of family history, and Stage IV. Thin blue lines represent individual chains, thick
red lines represent the mean across chains at each iteration, and horizontal dotted lines represent the
overall means across chains and iterations.

with Stage III coded as 0 and used as the reference outcome, whereas Stage IV was coded as
1 and defined as the event. Age was included as a continuous predictor. Sex, smoking status,
comorbidity, and family history were included as binary categorical predictors. For each binary
predictor, category 1 was used as the reference category and category 2 was compared with
category 1. The multivariable logistic regression model was specified as

log (%) = Po+ B1Age; + BaSex; 2 + B3Smoking; 5 + B4 Comorbidity; 5 + S5 History; 5,

(42)
Eq. (42) specifies the multivariable logistic regression model fitted separately to each completed
dataset, where P(Y; = 1) denotes the probability that the i-th patient belongs to Stage IV.
The coefficients (o, ..., 05 represent, respectively, the log-odds ratios for female versus male,
non-smoker versus active smoker, absence versus presence of comorbidity, and absence versus
presence of family history.

Because conventional maximume-likelihood logistic regression produced unstable estimates
due to data separation in at least one completed dataset, mean bias-reduced logistic regression
was used to obtain finite parameter estimates. A mean bias-reduced logistic regression model
was fitted separately to each of the 20 completed datasets. The resulting regression coefficients
and their corresponding variances were combined using Rubin’s rules. The pooled effects were
expressed as odds ratios (ORs), 95% confidence intervals (Cls), and p-values.

The stability of the pooled estimates with respect to the number of completed datasets
was evaluated by repeating the analysis using m = 50 and m = 100. Both sensitivity analyses
retained 20 FCS iterations and the primary prior specification. The primary prior specification
consisted of an intercept prior standard deviation of 5 and a standardized-slope prior standard
deviation of 2.5. Sensitivity to the slope-prior specification was evaluated separately by repeating
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Table 4: Numerical diagnostics for posterior sampling within the imputation models

Variable Mean AR AR range Median min. ESS Minimum ESS Fallback
Smoking status 0.301 0.275-0.323 85.83 26.92 0
Comorbidity 0.293 0.270-0.316 111.30 40.04 0
Family history 0.301 0.281-0.324 97.81 28.27 0
Cancer stage 0.302 0.276-0.325 92.47 25.94 0

Note: AR denotes acceptance rate, and ESS denotes effective sample size. Median minimum ESS is the
median, across FCS updates, of the smallest coefficient-specific ESS within each conditional imputation
model. Minimum ESS is the smallest value recorded across all updates. Each variable was updated 400
times. These updates consisted of 20 FCS iterations for each of the 20 imputations. In each update, the first
1,000 Metropolis—Hastings iterations were used as the initial sampling period. These iterations were not
included in the posterior sample. Hence, 400 parameter values were recorded at intervals of three iterations.
Fallback indicates that the conditional posterior model could not be updated. In this case, the missing values
were sampled from the observed categories.

the analysis with m = 20 completed datasets. In the sensitivity analysis, the prior standard
deviation for the standardized slope coefficients was increased from 2.5 to 5, while the intercept
prior standard deviation was retained at 5. The pooled odds ratios were generally similar across
the four configurations. The results are presented in Table 5. None of the examined predictors
was statistically significant under any of the four configurations.

Table 5: Sensitivity analysis comparing pooled odds ratios across numbers of completed datasets and
prior specifications

Predictor Primary Prior SD5 m=50 m=100
m = 20, SD 2.5 m = 20 SD 2.5 SD 2.5
Age, per one-year increase 0.97 0.97 0.97 0.98
Female vs. Male 0.52 0.57 0.55 0.52
Non-smoker vs. Smoker 0.23 0.21 0.22 0.23
No comorbidity vs. Comorbidity 1.00 0.94 1.07 1.03
No family history vs. Family history 1.77 1.65 1.83 1.83

Note: Values are pooled odds ratios from mean bias-reduced multivariable logistic regression models. The
primary analysis used 20 completed datasets, an intercept-prior standard deviation of 5, and a standardized
slope-prior standard deviation of 2.5. The wider slope-prior sensitivity analysis used a standardized slope-
prior standard deviation of 5 while retaining the intercept-prior standard deviation of 5. The analyses using
50 and 100 completed datasets retained the primary prior specification. All configurations used 20 FCS
iterations. The statistical conclusions remained unchanged across the four configurations, although the
comorbidity estimate varied slightly around the null value of 1. OR = odds ratio; SD = standard deviation.

The posterior sampling diagnostics were generally consistent across the sensitivity analyses.
Mean acceptance rates ranged from approximately 0.293 to 0.304. No empirical fallback was
required in any configuration. Median minimum ESS values ranged from 74.92 to 111.30. The
smoking status model under the wider slope prior had the lowest median minimum ESS and was
therefore interpreted cautiously. For the j-th predictor, the pooled odds ratio was calculated as

OR; = exp(f3)), (43)

Eq. (43) transforms the pooled regression coefficient Bj into the corresponding pooled odds
ratio. The Bj denotes the regression coefficient obtained by combining the estimates from the 20
completed datasets in the primary analysis using Rubin’s rules.

The regression coefficients and their corresponding variances from the 20 completed datasets
were combined using Rubin’s rules. The estimated mean bias-reduced multivariable logistic
regression model for the primary analysis was

Py, =1
log <(A)> = 0.1068 — 0.0256 Age; — 0.6579 Sex; 2

1—-P(Y;=1) (44)

— 1.4552 Smoking; 5 + 0.0041 Comorbidity; 5 + 0.5714 History; o,
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Table 6: Mean bias-reduced multivariable logistic regression results after multiple imputation

Predictor Odds ratio 95% CI p-value
Age, per one-year increase 0.97 0.93-1.03 0.325
Female vs. Male 0.52 0.012-22.40 0.731
Non-smoker vs. Active-Smoker 0.23 0.009-5.95 0.377
No comorbidity vs. Comorbidity 1.00 0.30-3.31 0.995
No family history vs. Family history 1.77 0.26-12.18 0.560

Note: Odds ratios, confidence intervals, and p-values were obtained by pooling the regression coefficients and
their variances across the completed datasets using Rubin’s rules. Male, smoker, presence of comorbidity,
and presence of family history were used as the reference categories. OR = odds ratio; CI = confidence
interval.

Eq. (44) presents the estimated pooled multivariable logistic regression model for the primary
analysis, where 13(11 = 1) denotes the estimated probability that the i-th patient belongs to
Stage IV.

As shown in Table 6, age was not statistically significantly associated with Stage IV disease
(OR =0.97, 95% CI: 0.93-1.03; p = 0.325). Based on the unrounded coefficient, each one-year
increase in age was associated with an estimated 2.5% decrease in the odds of Stage IV disease.
However, the CI included 1, indicating that the association was not statistically significant.
Female patients had lower estimated odds of Stage IV than male patients (OR = 0.52, 95% CI:
0.012-22.40; p = 0.731). Although the point estimate indicated lower odds, the CI was extremely
wide and included 1. Therefore, the analysis did not provide sufficient statistical evidence of an
association between sex and Stage IV disease.

Non-smokers had lower estimated odds of Stage IV than active smokers (OR = 0.23, 95% CI:
0.009-5.95; p = 0.377). However, the confidence interval was wide and included 1, indicating
substantial uncertainty and no statistically significant association between smoking status and
Stage IV disease. No statistically significant associations were observed for absence of comorbidity
(OR = 1.00, 95% CI: 0.30-3.31; p = 0.995) or absence of family history (OR = 1.77, 95% CI:
0.26-12.18; p = 0.560). Overall, none of the examined predictors was statistically significantly
associated with Stage IV disease at the 5% significance level.

The wide confidence intervals, particularly for sex and smoking status, indicated substantial
uncertainty and limited precision. Although mean bias-reduced logistic regression produced finite
estimates in the presence of data separation, the estimates remained limited in precision. This
limitation may be attributed to the small sample size, sparse category combinations, and high
proportion of missing outcome data [25]. Therefore, the point estimates should be interpreted
cautiously.

The sensitivity analyses supported the stability of the overall statistical conclusion. Increasing
the number of completed datasets from 20 to 50 and 100 produced only modest changes in the
pooled odds ratios. Increasing the prior standard deviation for the standardized slope coefficients
from 2.5 to 5 also did not change the conclusion regarding statistical significance. Nevertheless,
these sensitivity analyses do not establish the absence of clinically important associations. This
is because the confidence intervals remained wide across the examined model specifications.

An additional limitation is the high proportion of missing cancer stage data, which affected
42.42% of participants (56 of 132). Multiple imputation was performed under a MAR assumption,
conditional on the observed variables included in the imputation models. Because this assumption
cannot be verified using the observed data alone, bias due to potentially MNAR outcome data
cannot be excluded. Analyses using 20, 50, and 100 completed datasets and alternative prior
specifications produced generally similar pooled estimates and the same conclusions regarding
statistical significance. However, this stability does not eliminate the uncertainty arising from the
high proportion of missing outcome data. The findings should therefore be interpreted cautiously.
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4. Conclusion

The missingness-indicator analyses detected no statistically significant associations with the
observed variables. These findings provided no evidence against MCAR for the variables examined,
but did not establish MCAR or distinguish MAR from MNAR. Bayesian multiple imputation
was therefore performed under an assumed MAR mechanism. The iteration plots and numerical
diagnostics showed no clear evidence of systematic non-convergence, although the diagnostics
should be interpreted cautiously because of the limited data available for some variables.

The pooled mean bias-reduced logistic regression did not identify statistically significant
associations between Stage IV disease and age, sex, smoking status, comorbidity, or family
history. However, the wide confidence intervals indicated substantial uncertainty. The absence of
statistically significant associations should therefore not be interpreted as evidence that clinically
important associations were absent. Sensitivity analyses using 50 and 100 completed datasets
and a wider slope prior produced materially similar estimates and did not change the overall
statistical conclusion.

The small sample size, sparse category combinations, and 42.42% missingness in cancer stage
substantially limited the precision. These limitations increased the dependence of the results
on the imputation model and the assumed MAR mechanism. Therefore, the findings should be
interpreted cautiously. They should be regarded as exploratory rather than confirmatory. Future
studies should use larger samples with more complete outcome data. Sensitivity analyses under
alternative missing-data assumptions, particularly plausible MNAR scenarios, should also be
conducted to evaluate the robustness of the estimated associations.
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